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Preface

This document contains algorithmic details of the Computational Fluid Dynamics solver
zCFD. This is primarily a reference for users and developers of the software. It does not
detail the software implementation of the equations although the most of the equations map
directly on the code.
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CHAPTER 1. ZCFD

Chapter 1

zCFD

1.1 Introduction

zCFD is a many-core accelerated Computational Fluid Dynamics solver that solves the
Steady or Unsteady Reynolds Averaged Navier Stokes (RANS) equations using the finite
volume technique. This is based on a cell centred approach on arbitrary polyhedral meshes
with the boundary conditions applied in a weak formulation. The scheme implemented is
formally 2nd order accurate in time and 3rd order accurate in space.

The spacial accuracy is achieved by using a slope limited MUSCL reconstruction at cell
interfaces. The HLLC scheme is then used with the reconstructed values to calculate the
interface flux.

The primary solver is based on a multi-stage Explicit solver using local time stepping and
geometric multigrid to accelerate convergence.

Turbulence modelling is provided by an implementation of Menter SST two equation model
which is can be used in low Reynolds number mode (i.e. integration to the wall) or high
Reynolds number mode (i.e. wall functions)
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CHAPTER 2. NAVIER STOKES EQUATION

Chapter 2

Navier Stokes Equation

2.1 Compressible Form

Continuity
∂ρ

∂t
+
∂(ρu)

∂x
+
∂(ρv)

∂y
+
∂(ρw)

∂z
= 0 (2.1)

∂ρ

∂t
+∇ · ρV = 0 (2.2)

Momentum

∂(ρu)

∂t
+
∂(ρu u)

∂x
+
∂(ρu v)

∂y
+
∂(ρuw)

∂z
=
∂σxx
∂x

+
∂σxy
∂y

+
∂σxz
∂z

+
∂φ

∂x
+ ρfcx + ρFextx

(2.3)

∂(ρv)

∂t
+
∂(ρv u)

∂x
+
∂(ρv v)

∂y
+
∂(ρv w)

∂z
=
∂σxy
∂x

+
∂σyy
∂y

+
∂σyz
∂z

+
∂φ

∂y
+ ρfcy + ρFexty

(2.4)

∂(ρw)

∂t
+
∂(ρw u)

∂x
+
∂(ρw v)

∂y
+
∂(ρww)

∂z
=
∂σxz
∂x

+
∂σyz
∂y

+
∂σzz
∂z

+
∂φ

∂z
+ ρfcz + ρFextz

(2.5)

In vector notation

∂

∂t
(ρV ) +∇ · (ρV · V ) = ∇ · σ +∇φ+ ρfc + ρFext (2.6)

For air
∂

∂t
(ρV ) +∇ · (ρV · V ) = −∇p+∇ · τ +∇φ+ ρfc + ρFext (2.7)

Note that gravity is treated as a force potential

F = −∇φ = −ρg (2.8)

©Zenotech Ltd 13



CHAPTER 2. NAVIER STOKES EQUATION

Energy

∂

∂t
(ρE) +

∂

∂x
(ρE u) +

∂

∂y
(ρE v) +

∂

∂z
(ρE w) =− ∂q

∂x
− ∂q

∂y
− ∂q

∂z

+
∂

∂x
(uσxx + vσxy + wσxz)

+
∂

∂y
(uσxy + vσyy + wσyz)

+
∂

∂z
(uσxz + vσyz + wσzz)

+
∂

∂x
(uφ) +

∂

∂y
(v φ) +

∂

∂z
(wφ)

+ u (ρfcx + ρFextx)

+ v
(
ρfcy + ρFexty

)
+ w (ρfcz + ρFextz)

(2.9)

In vector notation

∂

∂t
(ρE) +∇ · (ρE · V ) = ∇ · (V · (φ))−∇ · q +∇ · (V · σ) + V · (ρfc + ρFext) (2.10)

For air

∂

∂t
(ρE) +∇ · (ρE · V ) = −∇ · (V · (p− φ))−∇ · q +∇ · (V · τ) + V · (ρfc + ρFext) (2.11)

Newtonian Stress tensor σij is

σij = −
[
p+

(
2

3
µ− λ

)
∇ · V

]
δij + µ2Sij (2.12)

For dilute monatomic gases the expansion viscosity λ = 0, for water λ = 3µ and for complex
liquids like benzene λ = 100µ

For air assume
σij = −pδij + τij (2.13)

Viscous stress

τij = 2µ

(
Sij −

1

3

∂uk
∂xk

δij

)
(2.14)

Viscous strain rate tensor

Sij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
(2.15)

Heat flux from Fourier’s Law

qi = kh
∂T

∂xj
= −Cp

µ

Pr

∂T

∂xj
(2.16)

Note when gravity is active the temperature gradient is replaced by the potential temperature
gradient so as to recover the correct temperature lapse rate.

qi = kh
∂T

∂xj
= −Cp

µ

Pr

[
∂T

∂xj
− gj
Cp

]
(2.17)
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CHAPTER 2. NAVIER STOKES EQUATION

2.2 Incompressible Form

Continuity for incompressible flows

∂ρ

∂t
+∇ · ρV = 0 (2.18)

∇ · ρV = 0 (2.19)

Momentum equation

∂

∂t
(ρV ) +∇ · (ρV · V ) = ∇ · σij +∇ · ρFext (2.20)

Expanding the Newtonian stress tensor assuming ∇ · V = 0

∇ · σij = −∇ · p+∇ · 2µSij = −∇ · p+∇ · µ∇V = −∇ · p+ µ∇2V (2.21)

Therefore

∂

∂t
(ρV ) +∇ · (ρV · V ) = −∇ · p+∇ · µ∇V +∇ · ρFext (2.22)

Derive incompressible internal energy equation

∂

∂t
(ρE) +∇ · (ρE · V ) = −∇ · q +∇ · (σijV ) + ρV Fext (2.23)

∂

∂t
(ρE) +∇ · (ρ(e+ V 2

2
) · V ) = −∇ · q +∇ · (σijV ) + ρV Fext (2.24)

∂

∂t
(ρE) +∇ · (ρe · V ) +∇(ρV · V ) = −∇ · q + V∇ · σij − p∇ · V + V∇.τij + ρV Fext (2.25)

Cancelling terms that relate to momentum conservation and expanding viscous stress τij

∂

∂t
(ρe) +∇ · (ρe · V ) = −∇ · k∇T − p∇ · V +∇ · (V · µ∇V ) (2.26)

For incompressible flow ∇ · V = 0

∂

∂t
(ρe) +∇ · (ρe · V ) = −∇ · kh∇T +∇ · (V · µ∇V ) (2.27)

©Zenotech Ltd 15



CHAPTER 2. NAVIER STOKES EQUATION

2.3 Integral Form

Combining the vector form of each individual equation into tensor form and grouping the
derivatives in advective F , diffusive G and source terms S.

∂W

∂t
+∇ · F −∇ ·G = S (2.28)

This equation is integrated over each control volume Ω

∂

∂t

∫
Ω

WdV +

∫
Ω

∇ · FdV −
∫
Ω

∇ ·GdV =

∫
Ω

SdV (2.29)

The next step relies on application of the Divergence theorem which states that the surface
integral of a scalar function is equal to the volume integral of the gradient of the scalar
function ∫

Ω

∇ · FdV =

∫
F · ndA (2.30)

Hence
∂

∂t

∫
Ω

WdV +

∫
F · ndA−

∫
G · ndA =

∫
Ω

SdV (2.31)

where

W = [ρ, ρu, ρv, ρw, ρE, ρϕ]T

Q = [p, u, v, w, T, ϕ]T

F =


ρu ρv ρw

ρu2 + p− φ ρuv ρuw
ρuv ρv2 + p− φ ρvw
ρuw ρvw ρw2 + p− φ

ρuE + up− uφ ρvE + vp− vφ ρwE + wp− wφ
ρuϕ ρvϕ ρwϕ



G =



0 0 0
τxx τxy τxz
τxy τyy τyz
τxz τyz τzz

τxxu+ τxyv + τxzw + kh
∂T
∂x

τxyu+ τyyv + τyzw + kh
∂T
∂y

τxzu+ τyzv + τzzw + kh
∂T
∂z

0 0 0



S =
[
0, ρfcx + ρFextx , ρfcy + ρFexty , ρfcz + ρFextz , V · (ρfc + ρFext) , 0

]T
16 ©Zenotech Ltd



CHAPTER 2. NAVIER STOKES EQUATION

2.4 Semi Discrete Form

Assuming piecewise constant solution over the volume i

∂ (ΩiWi)

∂t
+
∑

[F (W )−G(W )] · A− ΩiSi = 0 (2.32)

Re-arrange and define Residual function R(W ) =
∑

[F (W )−G(W )] · A− ΩiSi

∂ (ΩiWi)

∂t
+R(W ) = 0 (2.33)

2.5 Dual Time Step

Expanding the time derivative terms with 2nd order accurate Backward Difference Formula
with a view to solving implicitly.(

3Ωn+1
i W n+1

i − 4Ωn
iW

n
i + Ωn−1

i W n−1
i

)
2∆t

+R(W n+1) = 0 (2.34)

This equation can be treated as a modified steady state problem solved using local time
steps and multigrid in a fictious/pseudo time step τ .

Ωn+1
i

∂Wi

∂τ
+R∗(W ) = 0 (2.35)

R∗(W ) = R(W ) +

(
3Ωn+1

i Wi − 4Ωn
iW

n
i + Ωn−1

i W n−1
i

)
2∆t

(2.36)

See [7] for more details.

Expand the pseudo time derivative using a forward difference approximation .

Ωn+1
i

(
W k+1

i −W k
i

)
∆τ

= −R∗(W ) (2.37)

2.6 Precondition

We introduce a preconditioner to improve the condition number of the system at low speeds.
This is achieved through the use of a modified Jacobian that effectively changes the wave
speeds in the preconditioned system. This can be intuitively specified in primitive variables
Q but the solver operates on conserved variables. Therefore the preconditioning matrix
consist of transforming the variables into primitive form before converting them back using
the modified/preconditioned transformation which is described in more detail on page 17.

P =
∂W

∂Q

(
∂W

∂Q

)−1 ∣∣∣∣
m

(2.38)

∂W

∂Q
=


ρp 0 0 0 ρT 0
uρp ρ 0 0 uρT 0
vρp 0 ρ 0 vρT 0
wρp 0 0 ρ wρT 0

ρpH − 1 + ρhp ρu ρv ρw HρT + ρhT 0
ϕρp 0 0 0 ϕρT ρ

 (2.39)
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http://en.wikipedia.org/wiki/Backward_differentiation_formula
http://en.wikipedia.org/wiki/Finite_difference


CHAPTER 2. NAVIER STOKES EQUATION

(
∂W

∂Q

)−1

=



ρhT+ρT (H−V 2)
d

ρT
d
u ρT

d
v ρT

d
w −ρT

d
0

−u
ρ

1
ρ

0 0 0 0

−v
ρ

0 1
ρ

0 0 0

−w
ρ

0 0 1
ρ

0 0
−ρp(H−V 2)+1−ρhp

d
−ρp

d
u −ρp

d
v −ρp

d
w ρp

d
0

−ϕ
ρ

0 0 0 0 1
ρ


(2.40)

where d = ρρphT + ρT (1− ρhp)

Introduce the transformation matrix P−1 =
(

∂W
∂Q

) ∣∣∣∣
m

∂Q
∂W

Ωn+1
i P−1∂Wi

∂τ
+R∗(W ) = 0 (2.41)

Rearrange and expand the pseudo time derivative using a forward difference approximation

Ωn+1
i P−1

(
W k+1

i −W k
i

)
∆τ

= −R∗(W ) (2.42)

2.7 Geometric Conservation Law

When the control volume is moving and/or deforming, the conservation property may be
violated unless the following geometric conservation law (GCL) is satisfied

∂Ω

∂t
−
∫
ẋdA = 0 (2.43)

Expanding the time derivative using a 2nd order accurate backward difference

3Ωn+1
i − 4Ωn

i + Ωn−1
i

2∆t
=
∑

ẋ · Af (2.44)

Rearranging

Ωn+1
i =

2∆t

3

(∑
ẋ · Af + 4Ωn

i − Ωn−1
i

)
(2.45)

2.8 Arbitrary Lagrangian-Eulerian

The advective flux tensor F for a moving control volume (i.e when Ω is a function of time)
is

F =


ρ(u− ẋu) ρ(v − ẋv) ρ(w − ẋw)

ρu(u− ẋu) + p ρu(v − ẋv) ρu(w − ẋw)
ρv(u− ẋu) ρv(v − ẋv) + p ρv(w − ẋw)
ρw(u− ẋu) ρw(v − ẋv) ρw(w − ẋw) + p

ρE(u− ẋu) + pu ρE(v − ẋv) + pv ρE(w − ẋw) + pw
ρϕ(u− ẋu) ρϕ(v − ẋv) ρϕ(w − ẋw)


when ẋ = 0 this system corresponds to the Eulerian description whereas ẋ = V results in
the Lagrangian description where the control volume moves with the fluid velocity.
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Chapter 3

Thermodynamics

3.1 Basic

Total Energy

E = e+
V 2

2
+ k (3.1)

Enthalpy

h = e+
p

ρ
(3.2)

Total Enthalpy

H = h+
V 2

2
+ k (3.3)

H = E +
p

ρ
(3.4)

Entropy

ds =
dh

T
− 1

ρT
dp (3.5)

∂h

∂T

∣∣∣∣
p

=
∂e

∂T

∣∣∣∣
p

+ P
∂v

∂T

∣∣∣∣
p

= Cp (3.6)

∂e

∂T

∣∣∣∣
v

= Cv (3.7)

∂e

∂s
= T (3.8)

∂e

∂V
= P (3.9)
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Specific Heats

γ =
Cp

Cv

(3.10)

R = Cp − Cv (3.11)

Cp =
R

γ − 1
+R =

γR

γ − 1
(3.12)

Cv =
R

γ − 1
(3.13)

3.2 Equation Of State - EOS

Definition

The equation of state defines the relationship between pressure, density and energy

p = p (ρ, e) (3.14)

c2 ≡ dp(ρ, s)

dρ

∣∣∣∣
s

=
∂p

∂e

p

ρ2
+
∂p

∂ρ
=

ρ ∂h
∂T

ρ∂ρ
∂p

∂h
∂T

+ ∂ρ
∂T

(
1− ρ∂h

∂p

) (3.15)

The following partial derivatives have been calculated in their most general forms with the
arbitrary constants ξ and β varying for different EOS.

ρp =
∂ρ

∂p

∣∣∣∣
T

= ρξ (3.16)

ρT =
∂ρ

∂T

∣∣∣∣
p

= −ρβ (3.17)

hT =
∂h

∂T

∣∣∣∣
p

= Cp (3.18)

hp =
∂h

∂p

∣∣∣∣
T

=
1− βT
ρ

(3.19)

Ideal Gas EOS

p = (γ − 1)ρe = (γ − 1)

(
ρE − ρV 2

2
− ρk

)
(3.20)

T =
(γ − 1)

R
e (3.21)

Assuming a thermally perfect fluid
h = CpT (3.22)

e = CvT (3.23)

p = ρ(Cp − Cv)T = ρRT (3.24)
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c2 = γ
p

ρ
(3.25)

ξ =
1

p
(3.26)

β =
1

T
(3.27)

Tammann EOS

p = (γ − 1)

(
ρe− ρV 2

2
− Pc

)
= (γ − 1) ρe− γPc (3.28)

Assuming a thermally perfect fluid

h = CpT (3.29)

e = CvT (3.30)

p = ρ(Cp − Cv)T − γPc = ρRT − γPc (3.31)

c2 = γ
p+ Pc

ρ
(3.32)

ξ =
1

p− γpc
(3.33)

β =
1

T
(3.34)

Tait EOS

p = B

[(
ρ

ρ0

)γ

− 1

]
+ A (3.35)

A = 1.0× 106, B = 3.31× 109, ρ0 = 1.0, γ = 7.15 (3.36)

c2 = γ
B
(

ρ
ρ0

)γ
ρ

(3.37)

c2 = γ
p+B − A

ρ
(3.38)

ξ = γρ0

[
p− A
B

+ 1

] 1−γ
γ ρ0
ρB

(3.39)

β = 0 (3.40)

h = CpT (3.41)

e = CvT (3.42)

When Cp not a function of temperature

T =
E − V 2

2
− gz + p

ρ

Cp

(3.43)
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3.3 Material Properties

Air

Dynamic viscosity is calculated using Sutherland’s Law

µ = µref

(
T

Tref

) 3
2 Tref + S

T + S
(3.44)

where for air the Sutherland temperature is S = 110.4K

Water

Dynamic viscosity is calculated using

µ = A (10)
B

T−C (3.45)

where for water A = 2.414× 10−5Pas ; B = 247.8K and C = 140K
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Chapter 4

Non Dimensionalisation

4.1 Basic
ρ

ρ∞
=

ρ∗

ρ∗∞
with ρ∞ = 1 (4.1)

p

p∞
=

p∗

p∗∞
with p∞ = 1 (4.2)

T

T∞
=
T ∗

T ∗
∞

with T∞ = 1 (4.3)

U

U∞
=
U∗

U∗
∞

with U∞ =M∞c∞ =M∞

√
γp∞
ρ∞

=
√
γM∞ (4.4)

µ∞ =
ρ∞U∞Lref

Re
(4.5)

t

t∗
=
c∗∞
c∞

=
c∗∞√
γ
=
√
R∗T ∗

∞ (4.6)

g

g∗
=

(
t∗

t

)2

=

(
c∞
c∗∞

)2

=
1

R∗T ∗
∞

(4.7)

Ideal Gas EOS

p∞ = ρ∞RT∞ with R = 1 (4.8)
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Chapter 5

Solver

5.1 Explicit

An explicit scheme by definition uses the current solution to calculate the derivative terms
which are then used to march the solution forward in time.

Ωn+1
i P−1∂Wi

∂τ
+R∗(W k) = 0 (5.1)

Using (2.42)

Ωn+1
i P−1

(
W k+1

i −W k
i

)
∆τ

= −R∗(W k) (5.2)

Runge Kutta

A multi stage time marcher enables larger time steps to be taken compared to purely Euler
marching through increased stability. A typical m stage scheme with αm coefficients:

W k,m=1
i = W k

i (5.3)

W k,m+1
i = W k,m

i − αmP
∆τi

Ωn+1
i

R∗(W k,m) (5.4)

...

W k+1
i = W k,m=5

i (5.5)

5.2 Implicit

An implicit scheme calculates the derivative terms using the solution at the next time step.
This results in a linear system of equations that can be solved using a range of linear solvers
and benefits from increased stability enabling very large time steps to be taken.

Ωn+1
i P−1∂Wi

∂τ
+R∗(W k+1) = 0 (5.6)

Using (2.42)
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Ωn+1
i P−1

(
W k+1

i −W k
i

)
∆τ

= −R∗ (W k+1
)

(5.7)

Estimate residual at next time level through a truncated Taylor series expansion

Ωn+1
i P−1

(
W k+1

i −W k
i

)
∆τ

= −
[
R∗(W k) +

∂R∗

∂W

(
W k+1

i −W k
i

)]
(5.8)

Rearranging [
Ωn+1

i

∆τ
P−1 +

∂R∗

∂W

] (
W k+1

i −W k
i

)
= −R∗(W k) (5.9)

Solve system of linear equations for δWi by rewriting (4.9) in the form

AδWi = B (5.10)

With A =
[
Ωn+1

i

∆τ
P−1 + ∂R∗

∂W

]
, δWi =

(
W k+1

i −W k
i

)
and B = −R∗(W k). Then, the solution

at the next pseudo time step is given by

W k+1
i = δWi +W k

i (5.11)

Note that by using (2.15)
∂R∗

∂W
=
∑
faces

∂R

∂W
+ Ω

3

2∆t
I (5.12)

∂R∗

∂W
=
∑
faces

[(
∂F

∂W
− ∂G

∂W

)
· Af

]
− Ω

∂S

∂W
+ Ω

3

2∆t
I (5.13)

Finite Difference Jacobian

This approximates the jacobian using the Finite Difference approximation to perturb the
solution vector one variable at a time by the value of ϵ, enabling numerical evaluation of the
matrix entries.

∂R∗

∂W
=
R∗ (W k + ϵ

)
−R∗ (W k

)
ϵ

(5.14)

Analytic Jacobian

See [1]

The total size of the system can be reduced by not storing the solution for the halo cells but
accounting for their effect in the adjacent interior cell. Spliting contributions from interior
cells k and halo cell l, the equation for cell i in the linear system becomes[

Ωn+1
i

∆τ
P−1 +

(∑
n

[(
∂F

∂Wi

− ∂G

∂Wi

)
· Af

]
− Ωn+1

i

∂S

∂Wi

+ Ωn+1
i

3

2∆t
I

)]
δWi

+
∑
n,n̸=l

[(
∂F

∂Wn

− ∂G

∂Wn

)
· Af

]
δWn

+

[(
∂F

∂Wl

− ∂G

∂Wl

)
· Af

]
δWl = −R∗(W k)

(5.15)
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To remove the dependency on cell l we can establish an implicit relation between the interior
cell and the halo.

δWl = CδWi (5.16)[
Ωn+1

i

∆τ
P−1 +

(∑
n

(
∂F

∂Wi

− ∂G

∂Wi

)
− Ωn+1

i

∂S

∂Wi

+ Ωn+1
i

3

2∆t
I −

(
∂F

∂Wl

− ∂G

∂Wl

)
C

)]
δWi

+
∑
n,n̸=l

(
∂F

∂Wn

− ∂G

∂Wn

)
δWn = −R∗(W k)

(5.17)

5.3 Point Implicit

Ωn+1
i P−1

(
W k+1

i −W k
i

)
∆τ

= −R∗ (W k+1
)

(5.18)

∂R∗

∂W
=
R∗ (W k + ϵ

)
−R∗ (W k − ϵ

)
2ϵ

= A (5.19)

A can then be split into 3 components, the viscous component Av, positive and negative
components A+ and A− with TλT−1 the standard eigenvalue decomposition of matrix A.

A = A+ + A− + Av =
(
TΛ+T−1 + λmI

)
+
(
TΛ−T−1 − λmI

)
+ Av (5.20)

with m eigenvalues given by

λm = β (|Vn|+ c) (5.21)

For point implicit consider only positive wave speeds

A = A+ +
Av

2
(5.22)

5.4 Preconditioner

The behaviour of the preconditioner is to de-couple pressure and density at low speeds,
therefore we are looking to provide an alternative formulation for ρp. See [19] for more
details.

Define

Θ =

(
1

U2
r

− ρT
ρhT

)
(5.23)

Ur = min

[
max

(
V,

ν

∆x
,
α

∆x
, ϵ

√
∆p

ρ

)
, c

]
where ϵ ≈ 10−3

Define (
∂W

∂Q

)−1 ∣∣∣∣
m

=

(
∂W

∂Q

)−1

with ρp = Θ (5.24)
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Wave Speeds

Define the face normal velocity as

q = V · n (5.25)

The wave speeds before and after preconditioning are

λ = q ± c (5.26)

λ
′
= q

′ ± c′ (5.27)

where

q
′
= q

(
1− 1

2

(
1− U2

r

c2

))
=
q

2

(
1 +

U2
r

c2

)

c
′
=

√(
1

2

(
1− U2

r

c2

))2

q2 + U2
r

Matrix P

Substitute ρp with Θ in (2.40) and multiply by (2.39)

P =
∂W

∂Q

(
∂W

∂Q

)−1 ∣∣∣∣
m

=


A Bu Bv Bw −B 0

(A− 1)u Bu2 + 1 Buv Buw −Bu 0
(A− 1) v Buv Bv2 + 1 Bvw −Bv 0
(A− 1)w Buw Bvw Bw2 + 1 −Bw 0
D − V 2 (C + 1)u (C + 1) v (C + 1)w −C 0
(A− 1)ϕ Buϕ Bvϕ Bwϕ −Bϕ 1


(5.28)

Where

A =
ρρphT − ρTρp (H − V 2)− ρρThp − ρTΘ(H − V 2) + ρT

dm

=
ρp (ρhT + ρT (H − V 2))− ρT (ρhp +Θ(H − V 2)− 1)

dm

B =
(ρpρT − ρTΘ)

dm
=
ρT (ρp −Θ)

dm

C =
ρρThp + ρTρpH − ρT − ρΘhT − ρTΘH

dm

=
ρT (ρhp + ρpH − 1)−Θ(ρhT + ρTH)

dm

D =
(ρhp + ρpH − 1) (ρhT + ρT (H − V 2))− (ρhT + ρTH) (ρhp +Θ(H − V 2)− 1)

dm

dm = ρΘhT + ρT (1− ρhp)
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5.5 Geometric Multigrid

Geometric multigrid is used as a low frequency smoother for the explicit solver. This op-
erates on a hierarchy of pre generated coarse meshes that have a fixed child to parent cell
relationship. The algorithm is split into three stages:

1. Restrict from fine to coarse (subscript r)

2. Solve on coarse mesh (coarse cell subscript ic)

3. Prolongate from coarse to fine (subscript p)

This is applied in a V cycle i.e. Stages 1 and 2 are applied recursively from fine to coarsest
mesh before stage 3 is applied recursively from coarse to fine.

Residual Restrict Operator

Rr,ic =
children∑

1

PR∗ (W k
i

)
(5.29)

Solution Restrict Operator

W k
ic =

1

Ωn+1
ic

children∑
1

Ωn+1
i W k

i (5.30)

Coarse Mesh Explicit Solve

Define

Rc
(
W k,m

ic

)
=

R(W k,m
ic

) +

(
3Ωk+1

ic
W k,m

ic

)
2∆t

+

[
Rr,ic −

(
R(W k

ic) +

(
3Ωk+1

ic
W k

ic

)
2∆t

)]
︸ ︷︷ ︸

Constant part of residual

(5.31)

The second term represents the error associated with solving on a coarser representation of
the volume and is constant for all Runge Kutta stages.

W k,m=1
ic

= W k
ic (5.32)

W k,m=1
ic

= W k,m=1
ic

− αmP
∆τi

Ωk+1
ic

(
Rc
(
W k,m

ic

))
(5.33)

...

W k+1
ic

= W k,m=5
ic

(5.34)

Coarse Residual Restrict Operator

Rr,ic+1 =
children∑

1

Rc
(
W k

ic

)
(5.35)
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5.6 Prolongate Operator

The prolongation operator applies the correction from coarse to fine mesh. The relaxed
correction is directly applied to the fine mesh before the application of a smoother to remove
any high frequency noise.

Correction

The correction is the difference between the currently computed solution and the restricted
solution from the finer mesh

Wp,ic−1 = 0.75
(
W k

ic −Wr,ic

)
(5.36)

Laplace Smooth

The correction is then smoothed on the finer mesh using a Laplace smoother with f = 0.5

Wp,ic−1 =
1

areatotal

neighbours∑
n=1

area
(
fWp,ic−1 + (1− f)Wp,nc−1

)
(5.37)

Update solution

The smoothed correction is then applied to the finer mesh solution recursively for all meshes
from coarse to fine.

W k
ic−1

= W k
ic−1

+Wp,ic−1 (5.38)

...

W k
i = W k

i +Wp,i (5.39)

5.7 ALE Preconditioned HLLC Flux

See [14]

The HLLC flux can be defined as

FHLLC =


Fl, if SL > 0,

F (W ∗
l ), if SL ≤ 0 < SM ,

F (W ∗
r ), if SM ≤ 0 ≤ SR,

Fr, if SR < 0,

(5.40)

where

W ∗
l =


ρ∗l

(ρu)∗l
(ρv)∗l
(ρw)∗l
(ρE)∗l
(ρϕ)∗l

 =
1

SL − SM


ρl (SL − ql)

(SL − ql) (ρu)l + (p∗ − pl)nx

(SL − ql) (ρv)l + (p∗ − pl)ny

(SL − ql) (ρw)l + (p∗ − pl)nz

(SL − ql) (ρE)l − pl(Vl · n) + p∗SM

(ρϕ)l (SL − ql)

 (5.41)
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W ∗
r =


ρ∗r

(ρu)∗r
(ρv)∗r
(ρw)∗r
(ρE)∗r
(ρϕ)∗r

 =
1

SR − SM


ρr (SR − qr)

(SR − qr) (ρu)r + (p∗ − pr)nx

(SR − qr) (ρv)r + (p∗ − pr)ny

(SR − qr) (ρw)r + (p∗ − pr)nz

(SR − qr) (ρE)r − pr(Vr · n) + p∗SM

(ρϕ)r (SR − qr)

 (5.42)

Fl =


ρlql

(ρu)l ql + plnx

(ρv)l ql + plny

(ρw)l ql + plnz

(ρE)l ql + pl(Vl · n)
(ρϕ)l ql

 Fr =


ρrqr

(ρu)r qr + prnx

(ρv)r qr + prny

(ρw)r qr + prnz

(ρE)r qr + pr(Vr · n)
(ρϕ)l qr

 (5.43)

F ∗
l ≡ F (W ∗

l ) = Fl + SL (W
∗
l −Wl)− (ẋ · n)W ∗

l =


ρ∗l (SM − ẋ · n)

(ρu)∗l (SM − ẋ · n) + p∗nx

(ρv)∗l (SM − ẋ · n) + p∗ny

(ρw)∗l (SM − ẋ · n) + p∗nz

(ρE)∗l (SM − ẋ · n) + p∗SM

(ρϕ)∗l (SM − ẋ · n)

 (5.44)

F ∗
r ≡ F (W ∗

r ) = Fr + SR (W ∗
r −Wr)− (ẋ · n)W ∗

r =


ρ∗r (SM − ẋ · n)

(ρu)∗r (SM − ẋ · n) + p∗nx

(ρv)∗r (SM − ẋ · n) + p∗ny

(ρw)∗r (SM − ẋ · n) + p∗nz

(ρE)∗r (SM − ẋ · n) + p∗SM

(ρϕ)∗r (SM − ẋ · n)

 (5.45)

p∗ = ρl (ql − SL) (ql − SM) + pl = ρr (qr − SR) (qr − SM) + pr (5.46)

q = (V − ẋ) · n and n = [nx, ny, nz]
T is the unit normal to the interface (5.47)

with V̂ = [û, v̂, ŵ]T and ĉ are Roe’s average variables for velocity and speed of sound.

û =
(ul + urRp)

(1 +Rp)
(5.48)

v̂ =
(vl + vrRp)

(1 +Rp)
(5.49)

ŵ =
(wl + wrRp)

(1 +Rp)
(5.50)

ĉ2 = (γ − 1)

[
Ĥ − 1

2

(
û2 + v̂2 + ŵ2

)]
(5.51)

Ĥ =
(Hl +HrRP )

(1 +Rp)
(5.52)

Rp =

√
ρr
ρl

(5.53)

SM =
ρrqr (SR − qr)− ρlql (SL − ql) + pl − pr

ρr (SR − qr)− ρl (SL − ql)
(5.54)

©Zenotech Ltd 31



CHAPTER 5. SOLVER

The signal velocities for the un-preconditioned system are defined as

SL = min
[
ql − cl,

(
V̂l − ẋ

)
· n− ĉl

]
(5.55)

SR = max
[
qr + cr,

(
V̂r − ẋ

)
· n+ ĉr

]
(5.56)

The signal velocities for the preconditioned system are defined as

SL =
[
q
′

l − c
′

l

]
(5.57)

SR =
[
q
′

r + c
′

r

]
(5.58)

Implicit HLLC Flux

F n+1
HLLC =


F n
l + ∂Fl

∂Wl
δWl, if Sn

L > 0,

(F ∗
l )

n +
∂F ∗

l

∂Wl
δWl +

∂F ∗
l

∂Wr
δWr, if Sn

L ≤ 0 < Sn
M ,

(F ∗
r )

n + ∂F ∗
r

∂Wl
δWl +

∂F ∗
r

∂Wr
δWr, if Sn

M ≤ 0 ≤ Sn
R,

F n
r + ∂Fr

∂Wr
δWr, if Sn

R < 0,

(5.59)

Assuming the conserved variables are independent define a new variable set.

W = [ρ, ρu, ρv, ρw, ρE, ρϕ]T = [x1, x2, x3, x4, x5, x6]
T (5.60)

Substituting new variable set into equation for F

qi =

x2

x1
x3

x1
x4

x1

− ẋ
 · n =

1

x1

x2x3
x4

− x1ẋ
 · n (5.61)

∂qi
∂x1

=
1

x1
[−ẋ · n− qi] = −

V · n
x1

(5.62)

∂qi
∂x2

=
nx

x1
(5.63)

∂qi
∂x3

=
ny

x1
(5.64)

∂qi
∂x4

=
nz

x1
(5.65)

Fi =



x1qi

x2qi + (γ − 1)
(
x5 − 1

2
1
x1

(x22 + x23 + x24)
)
nx

x3qi + (γ − 1)
(
x5 − 1

2
1
x1

(x22 + x23 + x24)
)
ny

x4qi + (γ − 1)
(
x5 − 1

2
1
x1

(x22 + x23 + x24)
)
nz

x5qi + qi(γ − 1)
(
x5 − 1

2
1
x1

(x22 + x23 + x24)
)

x6qi


(5.66)
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∂F

∂x1
=



−ẋ · n
x2

−V ·n
x1

+ θnx

x3
−V ·n
x1

+ θny

x4
−V ·n
x1

+ θnz

−V ·n
1

(
γ x5

x1
− θ
)
+ qiθ

x6
−V ·n
x1


(5.67)

∂F

∂x2
=



nx

qi +
x2

x1
(2− γ)nx

x3
nx

x1
− (γ − 1)x2

x1
ny

x4
nx

x1
− (γ − 1)x2

x1
nz

γ x5

x1
nx − θnx − qi(γ − 1)x2

x1

x6
nx

x1


(5.68)

∂F

∂x3
=



ny

x2
ny

x1
− (γ − 1)x3

x1
nx

qi +
x3

x1
(2− γ)ny

x4
ny

x1
− (γ − 1)x3

x1
nz

γ x5

x1
ny − θny − qi(γ − 1)x3

x1

x6
ny

x1


(5.69)

∂F

∂x4
=



nz

x2
nz

x1
− (γ − 1)x4

x1
nx

x3
nz

x1
− (γ − 1)x4

x1
ny

qi +
x4

x1
(2− γ)nz

γ x5

x1
nz − θnz − qi(γ − 1)x4

x1

x6
nz

x1


(5.70)

∂F

∂x5
=


0

(γ − 1)nx

(γ − 1)ny

(γ − 1)nz

γqi
0

 (5.71)

∂F

∂x6
=


0
0
0
0
0
qi

 (5.72)

where θ = (γ − 1)
(

1
2

1
x2
1
(x22 + x23 + x24)

)
= (γ−1)

2
V 2
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Transforming back and building jacobian matrix

∂F

∂W
=



−ẋ · n nx ny nz 0 0
(γ−1)

2
V 2nx − u(V · n) q − a3unx uny − a2vnx unz − a2wnx a2nx 0

(γ−1)
2
V 2ny − v(V · n) vnx − a2uny q − a3vny vnz − a2wny a2ny 0

(γ−1)
2
V 2nz − w(V · n) wnx − a2unz wny − a2vnz q − a3wnz a2nz 0

(γ−1)
2
V 2q − a1(V · n) a1nx − a2uq a1ny − a2vq a1nz − a2wq γq 0
−ϕ(V · n) ϕnx ϕny ϕnz 0 q


(5.73)

where a1 = γE − (γ−1)
2
V 2, a2 = γ − 1, a3 = γ − 2

∂F ∗
l

∂Wl

=



(
∂ρ∗l
∂Wl

)T
(SM − ẋ · n) +

(
∂SM

∂Wl

)T
ρ∗l(

∂(ρu)∗l
∂Wl

)T
(SM − ẋ · n) +

(
∂SM

∂Wl

)T
(ρu)∗l +

(
∂p∗

∂Wl

)T
nx(

∂(ρv)∗l
∂Wl

)T
(SM − ẋ · n) +

(
∂SM

∂Wl

)T
(ρv)∗l +

(
∂p∗

∂Wl

)T
ny(

∂(ρw)∗l
∂Wl

)T
(SM − ẋ · n) +

(
∂SM

∂Wl

)T
(ρw)∗l +

(
∂p∗

∂Wl

)T
nz(

∂(ρE)∗l
∂Wl

)T
(SM − ẋ · n) +

(
∂SM

∂Wl

)T
(ρE)∗l +

(
∂p∗

∂Wl

)T
SM +

(
∂SM

∂Wl

)T
p∗(

∂(ρϕ)∗l
∂Wl

)T
(SM − ẋ · n) +

(
∂SM

∂Wl

)T
(ρϕ)∗l


(5.74)

∂F ∗
l

∂Wr

=



(
∂ρ∗l
∂Wr

)T
(SM − ẋ · n) +

(
∂SM

∂Wr

)T
ρ∗l(

∂(ρu)∗l
∂Wr

)T
(SM − ẋ · n) +

(
∂SM

∂Wr

)T
(ρu)∗l +

(
∂p∗

∂Wr

)T
nx(

∂(ρv)∗l
∂Wr

)T
(SM − ẋ · n) +

(
∂SM

∂Wr

)T
(ρv)∗l +

(
∂p∗

∂Wr

)T
ny(

∂(ρw)∗l
∂Wr

)T
(SM − ẋ · n) +

(
∂SM

∂Wr

)T
(ρw)∗l +

(
∂p∗

∂Wr

)T
nz(

∂(ρE)∗l
∂Wr

)T
(SM − ẋ · n) +

(
∂SM

∂Wr

)T
(ρE)∗l +

(
∂p∗

∂Wr

)T
SM +

(
∂SM

∂Wr

)T
p∗(

∂(ρϕ)∗l
∂Wr

)T
(SM − ẋ · n) +

(
∂SM

∂Wr

)T
(ρϕ)∗l


(5.75)

Using the quotient rule and defining SM = B
A
therefore ∂SM

∂x
=

A ∂B
∂x

−B ∂A
∂x

A2

where A = ρr (SR − qr)− ρl (SL − ql) and B = ρrqr (SR − qr)− ρlql (SL − ql) + pl − pr
Expressing SM in terms of independent variables

∂SM

∂ρl
=
1

A

[
−q2l +

∂pl
∂ρl
− B

A
(−ql − (SL − ql))

]
(5.76)

=
1

A

[
−q2l +

(γ − 1)

2
V 2 + SMSL

]
(5.77)

∂SM

∂(ρu)
=

1

A
[nx(2ql − SL − SM) + (1− γ)ul] (5.78)

∂SM

∂(ρv)
=

1

A
[ny(2ql − SL − SM) + (1− γ)vl] (5.79)
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∂SM

∂(ρw)
=

1

A
[nz(2ql − SL − SM) + (1− γ)wl] (5.80)

∂SM

∂(ρE)
=

1

A
[γ − 1] (5.81)

∂SM

∂(ρϕ)
=

1

A
[0] (5.82)

∂SM

∂Wl

=
1

A


−q2l +

(γ−1)
2
V 2 + SMSL

nx(2ql − SL − SM) + (1− γ)ul
ny(2ql − SL − SM) + (1− γ)vl
nz(2ql − SL − SM) + (1− γ)wl

γ − 1
0

 (5.83)

∂SM

∂Wr

=
1

A


q2r −

(γ−1)
2
V 2 − SMSR

nx(−2qr + SR + SM)− (1− γ)ur
ny(−2qr + SR + SM)− (1− γ)vr
nz(−2qr + SR + SM)− (1− γ)wr

1− γ
0

 (5.84)

∂p∗

∂Wl

= ρr (SR − qr)
∂SM

∂Wl

(5.85)

∂p∗

∂Wr

= ρl (Sl − ql)
∂SM

∂Wr

(5.86)

∂ρ∗l
∂Wl

=
1

SL − SM


SL

−nx

−ny

−nz

0
0

+
1

SL − SM

ρ∗l
∂SM

∂Wl

(5.87)

∂ρ∗l
∂Wr

=
1

SL − SM

ρ∗l
∂SM

∂Wr

(5.88)

∂(ρu)∗l
∂Wl

=
1

SL − SM


qlul − nx

(γ−1
2
V 2

SL − ql + nx(γ − 2)ul
−ulny + nx(γ − 1)vl
−ulnz + nx(γ − 1)wl

(1− γ)nx

0

+
1

SL − SM

(
nx

∂p∗

∂Wl

+ (ρu)∗l
∂SM

∂Wl

)
(5.89)

∂(ρu)∗l
∂Wr

=
1

SL − SM

(
nx

∂p∗

∂Wr

+ (ρu)∗l
∂SM

∂Wr

)
(5.90)

∂(ρv)∗l
∂Wl

=
1

SL − SM


qlvl − ny

(γ−1
2
V 2

−vlnx + ny(γ − 1)ul
SL − ql + ny(γ − 2)vl
−vlnz + ny(γ − 1)wl

(1− γ)ny

0

+
1

SL − SM

(
ny
∂p∗

∂Wl

+ (ρv)∗l
∂SM

∂Wl

)
(5.91)
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∂(ρv)∗l
∂Wr

=
1

SL − SM

(
ny

∂p∗

∂Wr

+ (ρv)∗l
∂SM

∂Wr

)
(5.92)

∂(ρw)∗l
∂Wl

=
1

SL − SM


qlwl − nz

(γ−1
2
V 2

−wlnx + nz(γ − 1)ul
−wlny + nz(γ − 1)vl
SL − ql + nz(γ − 2)wl

(1− γ)nz

0

+
1

SL − SM

(
nz
∂p∗

∂Wl

+ (ρw)∗l
∂SM

∂Wl

)
(5.93)

∂(ρw)∗l
∂Wr

=
1

SL − SM

(
nz

∂p∗

∂Wr

+ (ρw)∗l
∂SM

∂Wr

)
(5.94)

∂(ρE)∗l
∂Wl

=
1

SL − SM


((ρE)l + pl)

ql
ρl
− ql (γ−1)

2
V 2

−nx((ρE)l + pl)/ρl + (γ − 1)ulql
−ny((ρE)l + pl)/ρl + (γ − 1)vlql
−nz((ρE)l + pl)/ρl + (γ − 1)wlql

SL − qlγ
0


+

1

SL − SM

(
SM

∂p∗

∂Wl

+ (p∗ + (ρE)∗l )
∂SM

∂Wl

)
(5.95)

∂(ρE)∗l
∂Wr

=
1

SL − SM

(
SM

∂p∗

∂Wr

+ (p∗ + (ρE)∗l )
∂SM

∂Wr

)
(5.96)

∂(ρϕ)∗l
∂Wl

=
1

SL − SM


ϕql
−ϕnx

−ϕny

−ϕnz

0
SL − ql

+
1

SL − SM

(
(ρϕ)∗l

∂SM

∂Wl

)
(5.97)

∂(ρϕ)∗l
∂Wr

=
1

SL − SM

(
(ρϕ)∗l

∂SM

∂Wr

)
(5.98)

5.8 Gradients

This is based on the Green Gauss theorem and, hence by assuming ϕ is piecewise constant
over the volume

Ωi∇ϕi =
∑
faces

ϕfAf (5.99)

∇ϕi =
1

Ωi

∑
faces

ϕfAf (5.100)

Face Gradient

Simplest gradient estimate at the face is an average

∇Wij =
1

2
(∇Wi +∇Wj) (5.101)
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The average gradient results in odd even de-coupling of the solution, therefore we need a
more accurate estimate. We can replace the normal gradient at the face calculated by the
average with the accurate face normal gradient. Therefore the most accurate approximation
of the gradient normal to a face is

∇Wij · n ≈
Wj −Wi

∥xj − xi∥
(5.102)

where xi is the cell centre of cell i

An improved estimate of the gradient at the face is

∇Wij =
Wj −Wi

∥xj − xi∥
∆x+

[
∇Wij −

(
∇Wij ·∆x

)
∆x
]

(5.103)

where ∆x = (xj − xi)/∥xj − xi∥

To reduce the stencil size for the viscous flux jacobians used in the implicit scheme we
neglect the face tangential gradient component defining

∇W TSL
ij · n ≈ Wj −Wi

∥xj − xi∥
(5.104)

∇W TSL
ij ≈ Wj −Wi

∥xj − xi∥
·∆x (5.105)

Where TSL stands for Thin Shear Layer.

5.9 MUSCL Reconstruction

Monotone Upstream-centered Schemes for Conservation Laws (MUSCL) provides Total Vari-
ation Diminishing (TVD) behaviour when reconstructing the states at cell boundaries from
piecewise constant values at the cell enabling the higher spatial accuracy to be achieved. See
[10]

Consider the scalar quantity ϕ either side of an interface between cells i and j respectively.

First Order

First order spatial accuracy is achieved by setting the reconstructed states to the cell values.

ϕ+
i = ϕi (5.106)

ϕ−
j = ϕj (5.107)

Higher Order

The upwind biased interpolations for ϕ+
i and ϕ−

j are defined by:

ϕ+
i = ϕi +

si
4

[
(1− kcsi)∆−

i + (1 + kcsi) (ϕj − ϕi)
]

(5.108)

ϕ−
j = ϕj +

sj
4

[
(1− kcsj)∆+

j + (1 + kcsj) (ϕj − ϕi)
]

(5.109)
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where the forward and backward difference operators are given by:

∆−
i = ϕi − ϕi−1 = 2∇ϕi · lij − (ϕj − ϕi) = 2∇ϕi · 2 (xf − xi)− (ϕj − ϕi) (5.110)

∆+
j = ϕj+1 − ϕj = 2∇ϕj · lij − (ϕj − ϕi) = 2∇ϕj · 2 (xj − xf )− (ϕj − ϕi) (5.111)

where lij = xj − xi ≈ 2 (xf − xi) ≈ 2 (xj − xf ) and si is a gradient or slope limiter

Parameter kc provides control over the family of schemes

Scheme ke
Upwind -1
Semi upwind (Fromm’s scheme) 0
Third order upwind 1/3
Central difference 1

Van Albada Limiter

This gives improved estimates for si and sj.

si = max

[
0,

2∆−
i (ϕj − ϕi) + ϵ2(

∆−
i

)2
+ (ϕj − ϕi)

2 + ϵ2

]
(5.112)

sj = max

[
0,

2∆+
j (ϕj − ϕi) + ϵ2(

∆+
j

)2
+ (ϕj − ϕi)

2 + ϵ2

]
(5.113)

ϵ = k1
1

2
(ϕj + ϕi) + k2 (5.114)

k1 = 0.001 k2 = 1.0e−8 (5.115)

Writing a = ϕj − ϕi for the face jump and b for the reconstructed backward difference (∆−
i

above), the Van Albada limiter is the symmetric function

ψVA (a, b) = max

[
0,

2ab+ ϵ2

a2 + b2 + ϵ2

]
(5.116)

and the remaining selectable limiters share the same arguments and the same ϵ.

Van Leer Limiter

ψVL (a, b) = max

[
0,

4ab+ ϵ2

(a+ b)2 + ϵ2

]
(5.117)

Slightly more compressive than Van Albada. Like Van Albada its denominator is a sum of
squares and is therefore strictly positive, and its ϵ2 cancels on a linear field so that ψ = 1
exactly when a = b.
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Symmetric Ratio Limiter

Selected by the configuration value symmetric ratio. This was previously called barth

jespersen, which was a misnomer: the function takes no minimum or maximum over the
neighbours of a cell and is therefore not the Barth–Jespersen limiter. That name now selects
the real limiter, described in the following section.

σ = sign (a+ b) (5.118)

ψSR (a, b) = max

[
0,min

(
1,

4min (σa, σb) + ϵ

|a+ b|+ ϵ

)]
(5.119)

On a linear field a = b = δ this reduces to (4 |δ|+ ϵ) / (2 |δ|+ ϵ), which exceeds unity at
every magnitude and is clipped to exactly 1, so a linear field is reconstructed unlimited and
the limiter is invariant under ϕ → −ϕ. The denominator satisfies |a+ b| + ϵ ≥ k2 > 0 and
so cannot vanish.

Earlier releases regularised this limiter with ϵ2 added to 4b, 4a and a+b. Since ϵ2 carries units
of the variable squared while those terms are linear in the variable, and since the numerator
carries 4δ against the denominator’s 2δ, the regularisation could not cancel on a linear field.
The limiter consequently returned ψ < 1 for a smooth decreasing gradient – reaching ψ = 0
at δ = −ϵ2/4 – was not invariant under ϕ → −ϕ, and where ϵ2 became comparable to the
local slopes it inverted the sign of the denominator and collapsed to first order in smooth
flow.

No Limiter

Setting the limiter to none gives si = sj = 1, i.e. an unlimited reconstruction. This retains
formal second order everywhere but is not monotonicity preserving.

Cell Based Multidimensional Limiters

The limiters above are one-dimensional functions of two directional differences and do not
bound the reconstructed face value by the range of values over the cell’s neighbours. The
limiters in this section do. For cell i, with umax and umin taken over the face neighbours and
∆f = ∇ui · (xf − xi) the unlimited extrapolation to face f ,

yf =


(umax − ui) /∆f ∆f > 0

(umin − ui) /∆f ∆f < 0

∞ ∆f = 0

ϕi = min
f
P (yf ) (5.120)

so that yf ≥ 0 always. The limiter scales the gradient term of the reconstruction only;
because the κ blend is a convex combination of ui + ϕi∆f and 1

2
(ui + uj), both of which lie

inside the neighbourhood bound, the bound survives the blend and the face difference term
needs no limiting.

Barth–Jespersen

Selected by barth jespersen.

P (y) = min (1, y) (5.121)

©Zenotech Ltd 39



CHAPTER 5. SOLVER

Bound preserving by inspection, but only C0: the kink at y = 1 makes the limiter value
flicker between iterations and can stall the residual. As published it carries no smoothness
deactivation, so it limits wherever the bound binds, including in smooth flow.

Michalak–Ollivier-Gooch

Selected by michalak gooch. The unique cubic with P (0) = 0, P ′(0) = 1, P (yt) = 1 and
P ′(yt) = 0 is P = y + by2 + ay3 with a = (yt − 2) /y3t and b = (3− 2yt) /y

2
t . At yt = 3/2 the

quadratic coefficient vanishes and

P (y) =

{
y − 4

27
y3 y < 3/2

1 y ≥ 3/2
(5.122)

which is C1 and satisfies P (y) ≤ min (1, y), so it is never less monotonicity preserving than
Barth–Jespersen. The price of differentiability is P (1) = 1− 4/27 = 0.852 rather than 1.

Limiting is deactivated in smooth flow by a grid scaled threshold ϵ2 = (Kh/Lref )
3, blended

with a C1 smoothstep, where h is the cell length scale and K is the configuration value
limiter coefficient. The cube falls faster than the O (h2) reconstruction error, so under
refinement the limiter switches itself off where the flow is smooth and the formal order of the
scheme survives. The reference length is required because the solution is non-dimensional
while the mesh is not.

Venkatakrishnan

Selected by venkatakrishnan.

P (y) = min

(
1,

y2 + 2y

y2 + y + 2

)
(5.123)

Smooth, but the unclipped function exceeds unity for y > 2, so the clip is required and
reintroduces a C0 kink at y = 2.

5.10 Time Step

Local time step

The local time step is computed for each cell in accordance with

∆t = min

[
CFL

Ω

λ
,CFLV IS

Ω

λv

]
(5.124)

where λ is the integrated convective spectral radius, λv is the corresponding viscous spectral
radius and the parameters CFL and CFLVIS are user input and chosen according to the
stability region of the Runge Kutta scheme used.

The time step for the turbulence equations is determined as follows

∆tt = ∆t−min (0,min (ksource, ωsource)) (5.125)

Convective spectral radius
λ = |V · n| ± c (5.126)
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Viscous spectral radius

λv = ±
|S|
r

[
max

(
4

3ρ
,
γ

ρ

)(
µ

Pr
+

µt

Prt

)]
(5.127)

5.11 Boundary Conditions

Open boundary conditions

The Riemann invariants for the Euler equations are:

W =


ρ− p

c2

ut
un +

p
pc

−un + p
pc

 (5.128)

Where un is the normal velocity and ut is the tangential velocity given an inwards normal at
the boundary points. The Riemann invariants are defined only locally in time for systems
in general. The idea relies on restricting the variation of the Riemann invariant to zero on a
subsonic out flow for the invariants associated with an ingoing waves. In this case, only the
third Riemann invariant needs to be imposed. All other values are taken as predicted states
computed by the scheme inside the volume.Predicted states are noted with a star and bar
states are averages between predicted states and last time step values. This may be written:

ρ− p∗

c2

ut
un +

p
pc

−un + p
pc

 =


ρ∗ − p∗

c2

u∗t
unn +

pn

pc

−u∗n +
pn

pc

 (5.129)

After some algebraic manipulations the method consists in setting:

ut = u∗t (5.130)

p =
1

2
(pn + p∗ + ρc(unn − u∗n) (5.131)

ρ = ρ∗ +
(p− p∗)

c2
(5.132)

un = unn +
pn − p
ρc

(5.133)

As these conditions are rather crude, the order of the scheme is locally lowered to simulate a
sponge layernear the open boundary by adding more diffusion. In an unstructured context,
structured layers may besimulated by marching from the boundary and marking the edges
that touch the boundary points, andmarking the points neighbors of boundary points. At
each pass, a new layer of edges is added to the markededges. For more information see [16].

Euler Wall and Symmetry Plane

At an Euler wall the normal component of the velocity is zero

V · n = 0 (5.134)
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and hence the inviscid wall flux is strongly enforced as

f =


0

pnxA
pnyA
pnzA
0

 (5.135)

Viscous Wall (Adiabatic and Isothermal)

On a viscous wall the velocity is imposed strongly through a no-slip boundary condition

V = 0 (5.136)

see section 5.3 for more details of gradient boundary conditions at the wall.

Mass flow outlet

This boundary condition can be prescribed at a outflow boundary which requires a given
value of mass flow. This boundary condition is in principal identical to the static pressure
inflow boundary condition where the value of static pressure is a function of mass. The
most useful description is the specification of a non-dimensional mass flow function which is
defined as

W ∗ =
ṁ
√
CpT0

p0
(5.137)

then rearrange to find ṁ, the mass flow rate. Then solve the following implicit equation for
velocity u

ṁ = ρ0u

(
1− γ − 1

2c2
u2
) 1

γ−1

A (5.138)

then use this to calculate the value of the Laval number

λlav =
u

c
√

2
γ+1

(5.139)

the value of λlav is then used to determine the required value of static pressure on the outflow
boundary

pstatic = p0

(
1− γ − 1

γ + 1
λ2lav

) γ
γ−1

(5.140)

Farfield

Characteristic boundary conditions are used at the farfield. These boundary conditions can
be used for both subsonic and supersonic in and outflow where the characteristics are either
set from free stream quantities for ingoing characteristics or extrapolated from the interior
for outgoing characteristics. Conserved variables are used and stored in the program since
they lead to sparse and computationally less expensive expressions, using a similar procedure
to the open boundary conditions described at the start of this section.

The condition is applied by constructing a boundary state and storing it in the halo cell
adjacent to the boundary face; the boundary flux is then formed from the average of the
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interior and halo states. Throughout this section n is the outward face normal, subscript i
denotes the interior state, subscript e the prescribed exterior (free stream) state and subscript
b the boundary state being constructed. The face normal velocities are

qi = Vi · n− Vface · n qe = Ve · n− Vface · n (5.141)

where Vface is the mesh velocity, so that q is measured relative to a moving face.

If the flow is supersonic (|qi| ≥ ci) every characteristic travels the same way and the boundary
state is simply the free stream for inflow or the interior state for outflow. The subsonic case
is described below.

Subsonic farfield

Without preconditioning the Riemann invariants of the one dimensional Euler equations
along n are

R± = q ± 2c

γ − 1
(5.142)

For subsonic flow R+ leaves the domain and is taken from the interior while R− enters and
is taken from the exterior, giving

qb =
1

2
(qi + qe) +

ci − ce
γ − 1

(5.143)

cb =
1

4
(γ − 1) (qi − qe) +

1

2
(ci + ce) (5.144)

The remaining variables are carried on the entropy and shear waves, which travel at q, and
are therefore taken from whichever side is upstream of the boundary. Writing u for that
upwind state (u = e when qb < 0, u = i otherwise)

Vb = Vu + (qb − qu)n (5.145)(
p

ρ

)
b

=
c2b
γ

ρb =

((
p

ρ

)
b

ργu
pu

) 1
γ−1

(5.146)

Eb =
1

γ − 1

(
p

ρ

)
b

+
1

2
Vb · Vb + k (5.147)

For viscous flow a subsonic outflow is instead treated as a pressure outflow, with the pres-
sure taken from the reference condition and the density and velocity extrapolated from the
interior.

Preconditioned subsonic farfield

When the low Mach number preconditioner of section 5.4 is active the invariants above are
no longer the characteristic variables of the system being solved, and using them leaves the
farfield responding at the acoustic speed that the preconditioner has deliberately removed
from the interior scheme. The preconditioned characteristics are used instead [19].

The preconditioned normal flux Jacobian has eigenvalues q, carrying the entropy and shear
waves as before, and the acoustic pair q

′ ± c′ defined there. Writing

α =
1

2

(
1− U2

r

c20

)
c
′
=
√
α2q20 + U2

r (5.148)

©Zenotech Ltd 43



CHAPTER 5. SOLVER

and linearising about the face averaged state ρ0 =
1
2
(ρi + ρe), q0 =

1
2
(qi + qe), c0 =

1
2
(ci + ce)

with Ur averaged over the two sides, the acoustic characteristic variables are

W± = p+ ρ0

(
αq0 ± c

′
)
q (5.149)

carried at q
′ ± c′ . Taking W+ from the interior and W− from the exterior and solving the

resulting 2× 2 system gives the boundary pressure and normal velocity directly

qb =
1

2
(qi + qe) +

pi − pe
2ρ0c

′ +
αq0
2c′

(qi − qe) (5.150)

pb =
1

2
(pi + pe) +

αq0
2c′

(pe − pi) +
ρ0U

2
r

2c′
(qi − qe) (5.151)

The velocity and energy then follow as above, with the density obtained from the upwind
entropy using the boundary pressure

ρb =

(
pb
ργu
pu

) 1
γ

(5.152)

Because the relations are linearised, the boundary pressure is limited below by 0.1 pe so that
a large transient cannot drive it to zero or below.

Two properties of these relations are worth noting. Setting Ur = c0 switches the precondi-
tioner off, giving α = 0 and c

′
= c0, and the pair reduces to

qb =
1

2
(qi + qe) +

pi − pe
2ρ0c0

pb =
1

2
(pi + pe) +

1

2
ρ0c0 (qi − qe)

which is the linearised form of the unpreconditioned invariants and has the same structure
as the open boundary condition given at the start of this section, which is written with an
inward normal and so carries the opposite signs. Secondly

q
′ − c′ > 0 ⇐⇒ q0 > 0 and q20 (1− 2α) > U2

r ⇐⇒ q20
U2
r

c20
> U2

r with q0 > 0 ⇐⇒ q0 > c0

since 1− α > 0, and in the same way q
′
+ c

′
< 0 ⇐⇒ q0 < −c0. The acoustic eigenvalues

therefore change sign at exactly the same places whatever the value of Ur, and precondition-
ing does not move the subsonic to supersonic switch.

The practical effect is carried by the acoustic impedance ρ0c
′
. At low Mach number Ur → |V |

and so c
′ → Ur, making the boundary pressure response to a normal velocity mismatch

smaller by a factor of order M than the unpreconditioned relations would give, which is
what the preconditioned interior scheme expects.

Total States Inlet

This condition concerns the inflow into the domain of interest. Assuming that at the bound-
ary

ps = pf (5.153)
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where pf is the static pressure at the boundary. Then given the reference static temperature
Ts∞ and the total to static ratios To

Ts∞
, po

ps∞
, the total temperature To can then be calculated

using
To
Ts

=
To
Ts∞

Ts∞
Ts

(5.154)

then local boundary face static temperature Ts is calculated using the isentropic relationship

T0
Ts

= 1 +
γ − 1

2
M2 (5.155)

Outflow pressure

This boundary condition concerns the outflow from a arbitrary cell, with the ratio ps/ps∞
known. Extrapolation of the conserved variables in vector W is then possible, under the
assumption that for all conserved quantities with the exception of ρE are the same at the
boundary as in the cell. Then using these ρE can be recalculated using material from chapter
3.
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Actuator Disc

Actuator discs are commonly used in aerospace as a pragmatic surrogate for a fully rotating
propellor. The gross effect of the propellor is communicated to the solver via a prescribed
discontinuity in the conserved variables - usually the momentum terms - across the disc.
This method is also becoming popular in wind turbine modelling, especially where large
arrays are to be simulated. zCFD allows a high level of customisation of this functionality,
and users can define axial and radial variation of the forcing function - which can itself be
a function of the flow variables.

Figure 5.1: Actuator disc (light green) and turbine fluid zone (grey shaded volume) within an
unstructured CFD mesh (2D slice through a 3D mesh shown). The effect of the discontinuity
in flow variables across the disc is smoothed (convolved) in 3D using a Gaussian distribution.
The disc is split up into ND

θ angular sectors and ND
R radial steps. Each region on the disc

is associated to volume mesh elements upstream and downstream of the disc within the fluid
zone. The forcing function at the disc is distributed so that the mesh cells nearest the disc
have the greatest effect, and that the volume integral of the source terms applied is equivalent
to the step change prescribed across the disc.

Note that the disc elements are not present in the original mesh. These are created auto-
matically by the zCFD solver using parameters that can be set by the user in the input file.
It should be noted that the mesh spacing used in the original mesh must be sufficient to
resolve the actuator. Parameters governing the actuator disc model are: the disc centre, the
disc radius, the disc normal vector nD , the number of angular sectors ND

θ and the number
of radial segments ND

R . Assuming that the disc model is supplied with thrust T (r, θ) and
torque Q(r, θ) functions, the convolution function applies a Gaussian distribution in 3D so
that the value of thrust per unit volume at a cell centre xi is given as follows:
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T (xi) =

ND
R∑

j=0

ND
θ∑

k=0

dTjk dA
D
jk n

D η(∥xi − xjk∥)/Wjk (5.156)

where dTjk is the thrust per unit area and dAD
jk is the area of disc element (j, k) respectively.

The 3D convolution kernel η is defined by

η(d) = 1/(π3/2 ϵ2 exp(−(d/ϵ)2)) (5.157)

The scaling parameter ϵ governs the degree of spreading of the convolution, and can be easily
customised. It does not have to have a constant value and can have a different value for
each segment on the disc. The default value is ϵ = ϵjk = 2 drj, where drj is the change in
radius over radial segment j. The weighted sum Wjk is determined as a discrete summation,
to ensure exact correspondence between the actuator disc forces and the convolved forces:

Wjk =

NCELLS∑
i=0

max(δ, η(∥xi − xjk∥))Vi (5.158)

where δ is a small number (10−16) to prevent numerical underflow and Vi is the volume of
cell i. This summation includes all cells in the fluid zone corresponding to the actuator disk.

Figure 5.2: The torque distribution on the actuator disc is converted to a force via the torque
vector vQ. Note that the disc normal nD, and the normalised disc vector vD/∥vD∥ have unit
length so the torque vector vQ also has unit length.

The same procedure is used to distribute the torque Q(xi) but in this case the per unit area
torque is converted to to a per unit volume force in order to modify the momentum terms:

Q(xi) =

ND
R∑

j=0

ND
θ∑

k=0

dQD
jk dA

D
jk

∥vD∥
vQ︸ ︷︷ ︸

Equivalent force

η(∥xi − xDjk∥)/Wjk (5.159)
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where the disc vector vD is given by

vD = xDjk − xDC (5.160)

where xDjk is the centre point of the disc segment (j, k) and xDC is the disc centre. The torque
vector vQ is given by

vQ =
vD

∥vD∥
× nD (5.161)

Turbine Blade Modelling

When a wind turbine is modelled by an actuator disk, certain assumptions are made about
the distribution of elements on the disc. The user can specify the inner radius rDI , the
outer radius rDO and the number of angular segments ND

θ into which to divide the disc.
For convenience, and to maintain a uniform aspect ratio for elements on the disc, zCFD
determines the radial extent dr for each element on the disc to match the (approximate)
length scale determined by the angle dθ at the midpoint of the element r + dr. Ideally we
want dr ≃ (r + dr) dθ, so rearranging gives

dr =
r dθ

1− dθ/2
(5.162)

The axial induction factor a = (u∞− uD)/uD from 1D momentum theory can be related [6]
to the thrust coefficient CT on any element on the disk by the relation

CT = 4a(1− a) (5.163)

Note that for more complex models (multiple turbines, wake interactions or complex terrain),
the free-stream velocity u∞ for any given turbine may not be straightforward to define, and
is an input to the model for each turbine. The velocity uD at the disc does not need to be
defined at this stage, because it is the thrust coefficient CT that is usually supplied (as a
function of windspeed) for turbines. Thus we solve for the (mininum) root of the quadratic
(Equation 5.163) to obtain

a =
1−
√
1− CT

2
(5.164)

The thrust per unit area on the disc dT is given as

dT = 2 ρ u2∞ a (1− a) (5.165)

The angular induction factor aθ may be determined [6] to be
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aθ = −
1

2

√
1

4
+ (a(1− a))/λ2r (5.166)

where the local speed ratio λr = (r+dr/2)ω/u∞ and ω is the angular velocity of the turbine.

The torque per unit area on the disc dQ is then

dQ = 2 aθ (1− a) ρ u∞ ω (r + dr/2)2 (5.167)

zCFD can apply user-defined radial and azimuthal distribution functions of thrust and torque
on the disc. By default the distributions are uniform, i.e. dTD

ij = dTD and dQD
ij = dQD.

Blade Element Theory

Following [5] a blade element model can be used to determine the thrust and torque loading
for each segment on the actuator disc, according to the local flow field providing that the
turbine blade characteristics are known and that the tip speed ratio is provided. zCFD will
automatically determine the optimal blade pitch to maximise torque. The values of dT and
dQ are instead calculated for each segment as:

dT = FL cos θrel + FD sin θrel

dQ = FL sin θrel − FD cos θrel

(5.168)

where

FL =
Nblades

2πr
fL , FD =

Nblades

2πr
fD (5.169)

and

fL =
1

2
ρU2

rel cCl , fD =
1

2
ρU2

rel cCd (5.170)

where c is the local chord length and the aerofoil section lift and drag coefficients Cl and Cd

are provided as functions of the local angle of attack α. zCFD will interpolate values from
lookup tables provided in the fluid zone definition.

The angle of attack α is given by

α = θrel − β (5.171)

where θrel is the angle between the local flow and the actuator disc plane:

θrel = arctan

(
U

rωrel

)
(5.172)

where U is the local flow component normal to the disc and the relative anglular velocity
ωrel is given by

ωrel = ω − ωair (5.173)
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where ω is the rotation rate of the rotor (as above) and ωair is the (counter-rotating) local
air, determined from the local flow velocity. Typically ωair is less than 5% of ω and is often
ignored.

The local blade angle β is a combination of the blade pitch and the local blade twist:

β = βpitch + βtwist (5.174)

The local twist angle βtwist must be provided in the fluid zone as a lookup table, or else is
presumed to be zero. We presume that the turbine will automatically optimise the power
output by adjusting the blade pitch angle βpitch and that this angle is the same for all turbine
blades. Currently we presume that the adjustment to optimal power power production is
instantaneous and as the power production tends to be a monomodal function of βpitch,
zCFD uses a golden section search to find the local optimum over a user-specified range.

The relative velocity Urel of the local aerofoil section accounts for the rate of rotation of the
rotor, and is given by

Urel =

√
(rωrel)

2 + U2 (5.175)

Betz Limit

It is useful to compare the power production for a given windspeed against the theoretical
optimum for an ideal horizontal axis turbine - known as the Betz Limit:

PBETZ =
16

27
× 1

2
ρU3

refA (5.176)

Where Uref is the reference freestream velocity at hub height. In practise, most turbines
operate signifcantly below the Betz Limit, so a ratio greater than 80% should be regarded
with caution.

Glauert Optimum

A more accurate ideal turbine performance estimate accounts for the wake rotation at a
given tip speed ratio. zCFD will calculate the Glauert Optimum power production as a
reference based on the closed-form solution of [15]:

PGLAUERT = G(y)× 1

2
ρU3

refA (5.177)

where G(y) is given by

G(y) =
16(1− 2y)

27(1 + y/4)

[
1 +

457

1280
y +

51

640
y2 +

1

160
y3 +

3

2
y
log(2y) + (1− 2y) + 1

2
(1− 2y)2

(1− 2y)3

]
(5.178)
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where y = (3b0 − 1) and b0 is given as an inverse function of the local inflow ratio λr where
r = R at the tip:

λr =

√
1 + b(1− 2b)√

3b− 1
(5.179)

Since λr at the tip is equal to the tip speed ratio, we pre-compute a lookup table for λr(b)
over the domain 1/3 < b < 1/2 and determine the value of b = b0 for any given value of the
tip speed ratio.

The resulting function of PGLAUERT for a given value of tip speed ratio is a smooth curve
that aproaches the Betz Limit as tip speed ratio increases. This closed form solution is
preferable to a number of integrable solutions provided in the literature, as these are often
oscillatory integrands with poor convergence characteristics requiring significant numerical
effort to evaluate.

Rotor Inertia

Acceleration of the rotor is presumed to be instantaneous if there is no value for the moment
of inertia for the rotor. However if a value for the moment of inertia IROTOR is available,
or can be estimated then we can provide a more realistic model for the rate of rotation.
Provided with the aerofoil section upper and lower surface definitions, zCFD will calculate
the rotor inertia as:

IROTOR = Nblades ρmaterial

∫ r=R

r=0

r2A(r)dr (5.180)

where the cross-sectional area of the blade is given by the section area A(r). In practise
this is computed in zCFD by numerically integrating the normalised aerofoil section area
and scaling by the local chord. The blade material density ρmaterial has a default value of
200kg/m3 and can be specified in the fluid zone definition.

Tip Loss Correction

There are a number of options for tip loss correction for wind turbines, and zCFD allows for
use of the most common ones. Following the literature, we apply a tip loss correction to the
lift coefficient only, according to the normalised distance to the blade tip:

TLCelliptic(r/R) =
√
1− (r/R)2 (5.181)

TLCacos−fit(r/R) =
2

π
arccos(exp(−63(1− (r/R)2))) (5.182)

TLCacosshift−fit(r/R) =
2

π
arccos(exp(−48(1− (r/R)2)− 0.5)) (5.183)

TLCf−fit(r/R) = 1− 2.5
(1− (r/R)2)0.39)

(2− (r/R)2)64
(5.184)
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Turbine Controller

A controller function is provided in zCFD to apply simple rules to govern the allowable state
of the turbine. This function is modifiable by the user in zutil and will allow for external
data sources to be integrated - for example to control the aggregate behaviour of many
turbines in a farm.

The controller will automatically stop the rotor from turning if the rated power is exceeded
or if the windspeed is not in the range between the cut-in and cut-out values. If the rated
tip-speed is not yet met, the rotor will be accelerated by setting the blade pitch to produce
optimal instanous power (using a 50% fraction of the available torque) and the remaining
torque will be supplied to the turbine generator. If the rated tip speed is met, then the rotor
blades will set to recover optimal power until the rated power is met. When the rotor is at
maximum power and maximum tip speed, the blades are feathered to maintain the rated
power. A user-specified frictional loss is applied.

The controller will identify whether a critical damage turbulence intensity (default 15%) and
wind speed (default 10m/s) are exceeded at any point on the rotor disc and if so the rotor
is automatically slowed down and stowed.

The turbine may be set to rotate clockwise (as most modern turbines do) or anti-clockwise
when viewed from the front, and in each case the rotational force applied to the air is adjusted
accordingly. zCFD also calculates the average onset air angular induction as a fraction of
the rate of rotor rotation, and this is reported in the result file. Typical values lie in the
range (-2%, -5%).
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Aircraft Propellors

The mechanics of a propellor when used to provide thrust to an aircraft are similar to
those of a wind turbine, but differ in some conventions. As aircraft propellors are driven
by motors, we neglect inertial effects from the mass of the propellor itself. zCFD provides
a blade element model specifically for use with propellors for aerodynamic thrust. Usage is
described in the zCFD User Guide.

An aircraft propellor zone is fully specified in zCFD using the number of blades, number of
segments, status (on or off), omega (which is assumed to be constant), blade chord, blade
twist, rotation direction, update frequency, aerofoil cl, aerofoil cd, outer radius, inner radius,
tip loss correction (True or False), def and model parameters as above.

Note that the propellor blades are oriented so that lift primarily produces thrust, rather
than torque (as for a wind turbine) so the convention for the relative orientation of the
blade chord to the local wind velocity θrel is rotated by 90 degrees. zCFD automtically
applied this rotation for propellors.

Tip Loss Correction

The correction for tip losses for aircraft propellors are typically elliptic and depend only
on the distance (as a proportion of the rotor outer radius) from the hub at which to apply
the loss. If tip loss corrections are used (by specifying a value for *tip loss correction*, for
example *elliptic*), a single number between 0 and 1 defines the *tip loss correction radius*.
By default this is 0.8.
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Chapter 6

PISO

PISO (Pressure-Implicit with Splitting Operators) algorithm.

6.1 Predictor Step

Continuity for incompressible flows

∇ · ρV = 0 (6.1)

Momentum equation

∂

∂t
(ρV ) +∇ · (ρV · V ) = −∇ · p+∇ · µ∇V (6.2)

Discretise and approximate implicit non linear flux term

Ω

∆t
ρV n

i −
Ω

∆t
ρV m

i +
nb∑
f

ρV n
f .V

m
f .Sf −

nb∑
f

µ∇V n
f · Sf = −

nb∑
f

pmf Sf + ΩSm
i (6.3)

Let ρVf = fiρVi + fjρVj

Define

∇V n
f · Sf = ∆.(∇V )f + k.(∇V )f (6.4)

Where ∆ is the orthogonal contribution and k is the non-orthogonal correction

∇V n
f · Sf = |∆|

V n
j − V n

i

|dij|
+ k(∇V m)f (6.5)
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With the two vectors ∆ and k satisfying

S = ∆+ k (6.6)

Choose ∆ =
dij
|dij | |S| known as the Orthogonal correction approach (See 1) for further infor-

mation

∇V n
f · Sf = |∆|

V n
j − V n

i

|dij|
+ k(gf∇V m

i + (1− gf )∇V m
j ) (6.7)

Expanding

Ω

∆t
ρV n

i −
Ω

∆t
ρV m

i +
nb∑
f

(fiρV
n
i + fjρV

n
j )V

m
f .Sf

−
nb∑
f

µ(|∆|
V n
j − V n

i

|dij|
+ k(gf∇V m

i + (1− gf )∇V m
j )) =

−
nb∑
f

pmf Sf + ΩSm
i

(6.8)

Re-arranging

[
Ω

∆t
+

nb∑
f

fiV
m
f .Sf +

nb∑
f

µ

ρ

|∆|
|dij|

]
ρV n

i +[
nb∑
f

fjV
m
f .Sf −

nb∑
f

µ

ρ

|∆|
|dij|

]
ρV n

j =

Ω

∆t
ρV m

i −
nb∑
f

pmf Sf + ΩSm
i +

nb∑
f

µ

ρ
k(gf∇V m

i + (1− gf )∇V m
j )

(6.9)

AρV n
i +H

′
ρV n

j = R−
nb∑
f

pmf Sf (6.10)

AρV ∗ +H
′
ρV ∗ = R−

nb∑
f

pmf Sf (6.11)

Add implicit under-relaxation term.

1http://powerlab.fsb.hr/ped/kturbo/OpenFOAM/docs/HrvojeJasakPhD.pdf
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A

αu

ρV ∗ +H
′
ρV ∗ = R−

nb∑
f

pmf Sf +
1− αu

αu

AρV m (6.12)

Solve for ρV ∗ using a linear solver. The final predicted velocity V ∗ is a relaxed combination
of V and computed V ∗

6.2 Corrector Step

Define explicit equation for corrected velocity V ∗∗ using predicted velocity V ∗

AρV ∗∗ +H
′
ρV ∗ = R−∇ · p∗ (6.13)

With vector H = R−H ′
ρV ∗

ρV ∗∗ = A−1H − A−1∇ · p∗ (6.14)

Taking the divergence and recalling that the continuity equation defines ∇ρV = 0

∇2(A−1p∗) = ∇.(A−1H) (6.15)

Integrate over a cell applying divergence theorem

nb∑
f

(A−1∇p∗)|f .Sf =
nb∑
f

(A−1H)|f .Sf (6.16)

Define ∇p∗|f · Sf =
pj−pi
|dij | |Sf |

nb∑
f

A−1|f .
Sf

|Sf |
p∗j − p∗i
|dij|

|Sf | =
nb∑
f

(A−1H)|f .Sf (6.17)

[
nb∑
f

A−1

|dij|
.Sf

]
p∗j −

[
nb∑
f

A−1

|dij|
.Sf

]
p∗i =

nb∑
f

(A−1H)|f .Sf + ϕc (6.18)

Note the RHS needs and additional correction term to account for the mass flux through a
face. (See 2)

ϕd = (ρVf .Sf − (ρV old.Sf )) (6.19)

2https://github.com/OpenFOAM/OpenFOAM-2.2.x/blob/master/applications/solvers/incompressible/pisoFoam/pisoFoam.C
line 90
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Note this is set to zero at the boundary. (See 3 4 for Kc

Kc = 1−min
[

|ϕd|
|ρVf .Sf |+ ϵ

, 1

]
(6.20)

ϕc = ϕdKc
A−1

∆t
(6.21)

The boundary value of the RHS term also need to be scaled to so that the total mass flow if
zero. (See https://github.com/OpenFOAM/OpenFOAM-2.2.x/blob/master/src/finiteVolume/cfdTools/general/adjustPhi/adjustPhi.C)

Solve for corrected pressure p∗ then compute corrected velocity u∗∗. Note the corrected
pressure is not relaxed.

ρV ∗∗ = A−1H − A−1

nb∑
f

p∗f .Sf (6.22)

Update mass flow through face to be used in the correction of the RHS of the pressure
equation.

Compute the face mass flux using Rhie-Chow interpolation

ρVf = ρVf + (A−1)|f (∇pf −∇pf ) (6.23)

Further correction steps can be applied using same A and H hence the name Split Operators.

3https://github.com/OpenFOAM/OpenFOAM-2.2.x/blob/master/src/finiteVolume/finiteVolume/ddtSchemes/EulerDdtScheme/EulerDdtScheme.C
line 392

4https://github.com/OpenFOAM/OpenFOAM-2.2.x/blob/master/src/finiteVolume/finiteVolume/ddtSchemes/ddtScheme/ddtScheme.C
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Chapter 7

SIMPLE

SIMPLE algorithm for steady state incompressible flows.

7.1 Predictor Step

Continuity for incompressible flows

∇.ρV = 0 (7.1)

Momentum equation with implicit flux terms

∇ · (ρV · V ) = −∇ · p+∇ · µ∇V (7.2)

Discretise and approximate non linear flux term assuming interpolation to the face

nb∑
f

ρV n
f .V

m
f .Sf −

nb∑
f

µ∇V n
f · Sf = −

nb∑
f

pmf Sf + ΩSm
i (7.3)

Let ρVf = fiρVi + fjρVj

Define

∇V n
f · Sf = ∆.(∇V )f + k.(∇V )f (7.4)

Where ∆ is the orthogonal contribution and k is the non-orthogonal correction

∇V n
f · Sf = |∆|

V n
j − V n

i

|dij|
+ k(∇V m)f (7.5)
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With the two vectors ∆ and k satisfying

S = ∆+ k (7.6)

Choose ∆ =
dij
|dij | |S| known as the Orthogonal correction approach (See 1) for further infor-

mation

∇V n
f · Sf = |∆|

V n
j − V n

i

|dij|
+ k(gf∇V m

i + (1− gF )∇V m
j ) (7.7)

Inserting

nb∑
f

(fiρV
n
i +fjρV

n
j )V

m
f .Sf−

nb∑
f

µ(|∆|
V n
i − V n

j

|dij|
+k(gf∇V m

i +(1−gf )∇V m
j )) = − 1

Ω

nb∑
f

pmf Sf+ΩSm
i

(7.8)

Re-arranging

[
nb∑
f

fiV
m
f .Sf −

nb∑
f

µ

ρ

|∆|
|dij|

]
ρV n

i +

[
nb∑
f

fjV
m
f .Sf +

nb∑
f

µ

ρ

|∆|
|dij|

]
ρV n

j =

−
nb∑
f

pmf Sf + ΩSm
i +

nb∑
f

µ

ρ
k(gf∇V m

i + (1− gf )∇V m
j )

(7.9)

AρV n
i +H

′
ρV n

j = R−
nb∑
f

pmf Sf (7.10)

AρV ∗ +H
′
ρV ∗ = R−

nb∑
f

pmf Sf (7.11)

Add implicit relaxation term

A

αu

ρV ∗ +H
′
ρV ∗ = R−

nb∑
f

pmf Sf +
1− αu

αu

AρV m (7.12)

Solve for V ∗ using a linear solver

1http://powerlab.fsb.hr/ped/kturbo/OpenFOAM/docs/HrvojeJasakPhD.pdf
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7.2 Corrector Step

Define explicit equation for corrected velocity V ∗∗ using predicted velocity V ∗

AρV ∗∗ +H
′
ρV ∗ = R−∇p∗ (7.13)

With vector H = R−H ′
ρV ∗

ρV ∗∗ = A−1H − A−1∇p∗ (7.14)

Taking the divergence and recalling that the continuity equation defines ∇ · ρV = 0

∇2(A−1p∗) = ∇.(A−1H) (7.15)

Integrate over a cell applying divergence theorem

nb∑
f

(A−1∇p∗)|f .Sf =
nb∑
f

(A−1H)|f .Sf (7.16)

Define ∇p∗|f =
pj−pi
|dij |

nb∑
f

A−1.nf

p∗j − p∗i
|dij|

.Sf =
nb∑
f

(A−1H)|f .Sf (7.17)

[
nb∑
f

A−1

|dij|
.Sf

]
p∗j −

[
nb∑
f

A−1

|dij|
.Sf

]
p∗i =

nb∑
f

(A−1H)|f .Sf (7.18)

The A−1H term on the RHS needs to be interpolated to faces

Note boundary values of RHS need to be scaled so that total mass flow is zero

Solve for corrected pressure p∗ then compute corrected velocity V ∗∗

ρV ∗∗ = A−1H − A−1

nb∑
f

p∗f .Sf (7.19)

Compute the face mass flux using Rhie-Chow interpolation

ρVf = ρVf + (A−1)|f (∇pf −∇pf ) (7.20)
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Repeat starting from predictor step using ρV ∗∗, p∗ and ρV ∗∗
f .Sf
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Chapter 8

Rhie-Chow Interpolation

The development of the Rhie-Chow interpolation procedure for the calculation of the velocity
components at a control-volume face enabled the formulation of the SIMPLE algorithm on
collocated grids. In this procedure the interface velocity vector is obtained by constructing
a pseudo-momentum equation at the control-volume face from the momentum equations of
cells i and j straddling the interface. These equations are given by

ρVi = A−1H − A−1∇ · pi (8.1)

with ∇ · pi = Ω∇pi

ρVi = A−1H − A−1Ω∇pi (8.2)

The pseudo-momentum equation for Vf should be similar and can be written as

ρVf = (A−1H)|f − (A−1Ω)|f∇pf (8.3)

Assuming linear interpolation to the face let

(A−1Ω)|f = gf (A
−1)iΩi + (1− gf )(A−1)jΩj (8.4)

and

(A−1H)|f = gf (A
−1H)i + (1− gf )(A−1H)j (8.5)

Expanding the A−1H term

(A−1H)|f = gf (ρVi + A−1Ωi∇pi) + (1− gf )(ρVj + A−1Ωj∇pj) (8.6)

(A−1H)|f = ρVf + (A−1Ω)|f∇pf (8.7)
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where ρVf is the face interpolated velocity and ∇pf is the face interpolated cell pressure
gradient

Substituting (A−1H)|f in the equation for ρVf

ρVf = ρVf + (A−1Ω)|f∇pf − (A−1Ω)|f∇pf (8.8)

ρVf = ρVf + (A−1Ω)|f (∇pf −∇pf ) (8.9)
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Chapter 9

Coupled Incompressible

Coupled algorithm for steady state incompressible flows.

Continuity for incompressible flows

∇.ρV = 0 (9.1)

Momemtum equation with implicit flux terms

∇ · (ρV · V ) = −∇ · p+∇ · µ∇V + ρFext (9.2)

Discretise and approximate non linear flux term assuming interpolation to the face

nb∑
f

ρV n
f .V

m
f .Sf −

nb∑
f

µ∇V n
f · Sf +

nb∑
f

pnfSf = ΩSm
i (9.3)

Let ρVf = fiρVi + fjρVj

Let pf = gfpi + (1− gf )pj

The discretised continuity equation at a face is

∑
ρVf .Sf = 0 (9.4)

Using Rhie-Chow interpolation

∑
(ρVf + (A−1)|f (∇pf −∇pf )).Sf = 0 (9.5)

Expanding
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∑
ρVf .Sf −

∑
(A−1)|f∇pf .Sf = −

∑
(A−1)|f∇pf .Sf (9.6)

Recall that

ρVf = gfρVi + (1− gf )ρVj (9.7)

∇pf = gf∇pi + (1− gf )∇pj (9.8)

Incompressible internal energy equation

∇ · (ρe · V ) = −∇ · k∇T +∇ · (V · µ∇V ) (9.9)

Discretise

nb∑
f

ρenf .V
m
f .Sf −

nb∑
f

µV m
f ∇V n

f · Sf +
nb∑
f

k∇T n.Sf = 0 (9.10)

nb∑
f

ρenf .V
m
f .Sf −

nb∑
f

µV m
f ∇V n

f · Sf +
nb∑
f

k

ρCp

k∇ρen.Sf = 0 (9.11)
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D
ia
go
n
al

te
rm

s

        ∑ f i
V

m f
.S

f
+
∑ nb f

µ ρ
|∆

|
|d

ij
|

0
0

∑ g f
S
x f

0

0
∑ f i

V
m f
.S

f
+
∑ nb f

µ ρ
|∆

|
|d

ij
|

0
∑ g f

S
y f

0

0
0

∑ f i
V

m f
.S

f
+
∑ nb f

µ ρ
|∆

|
|d

ij
|

∑ g f
S
z f

0
∑ g f

.S
x f

∑ g f
.S

y f

∑ g f
.S

z f
+
∑ |(A

−
1
)|
f
S
f
|

|d
ij
|

0

−
∑ nb f

µ ρ
V

m f
.n

x f
|∆

x
|

|d
ij
|

−
∑ nb f

µ ρ
V

m f
.n

x f
|∆

y
|

|d
ij
|

−
∑ nb f

µ ρ
V

m f
.n

x f
|∆

z
|

|d
ij
|

0
∑ f i

V
m f
.S

f
+
∑ nb f

k
ρ
C

p

|∆
|

|d
ij
|             ρ

u
i

ρ
v i
ρ
w

i

p i ρ
e i

     (9
.1
2)

O
ff
d
ia
go
n
al

te
rm

s

        ∑ f j
V

m f
.S

f
−
∑ nb f

µ ρ
|∆

|
|d

ij
|

0
0

∑ (1
−
g f
)S

x f
0

0
∑ f j

V
m f
.S

f
−
∑ nb f

µ ρ
|∆

|
|d

ij
|

0
∑ (1

−
g f
)S

y f
0

0
0

∑ f j
V

m f
.S

f
−
∑ nb f

µ ρ
|∆

|
|d

ij
|
∑ (1

−
g f
)S

z f
0

∑ (1
−
g f
).
S
x f

∑ (1
−
g f
).
S
y f

∑ (1
−
g f
).
S
z f

−
∑ |(A

−
1
)|
f
S
f
|

|d
ij
|

0
∑ nb f

µ ρ
V

m f
.n

x f
|∆

x
|

|d
ij
|

∑ nb f
µ ρ
V

m f
.n

x f
|∆

y
|

|d
ij
|

∑ nb f
µ ρ
V

m f
.n

s f
|∆

z
|

|d
ij
|

0
∑ f j

V
m f
.S

f
−
+
∑ nb f

k
ρ
C

p

|∆
|

|d
ij
|             ρ

u
j

ρ
v j
ρ
w

j

p j ρ
e j

     
(9
.1
3)
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Right hand side


ΩSm

i +
∑nb

f
µ
ρ
kx(gf∇V m

i + (1− gf )∇V m
j )

ΩSm
i +

∑nb
f

µ
ρ
ky(gf∇V m

i + (1− gf )∇V m
j )

ΩSm
i +

∑nb
f

µ
ρ
ky(gf∇V m

i + (1− gfd)∇V m
j )

−
∑

(A−1)|f (gf∇pmi + (1− gf )∇pmj ).Sf∑nb
f

µ
ρ
V m
f .Sfk(gf∇V m

i + (1− gf )∇V m
j )−

∑nb
f

k
ρCp

k(gf∇V m
i + (1− gf )∇V m

j )

 (9.14)

Solve using a linear solver.

Update ρVf using Rhie-Chow interpolation.

Solve other scalar equations then repeat until convergence
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Chapter 10

Turbulence Modelling

The Favre-averaged or Reynolds Averaged Navier Stokes (RANS) equations result in four
terms that need to be modelled. These are a Reynolds stress term in the momentum equation
and turbulent heat flux, molecular diffusion and turbulent transport in the energy equation.

The Reynolds Stress term is usually represented by the Boussinesq approximation

τ tij = 2µt

(
Sij −

1

3

∂uk
∂xk

δij

)
− 2

3
ρkδij (10.1)

with τ tij representing Turbulent stress and the strain rate tensor Sij defined as before. The
turbulent heat flux is modelled using the Reynolds analogy and Fourier’s law

Cpρu
′′
jT

′′ ≈ −Cpµt

Prt

∂T

∂xj
(10.2)

where Prt is a turbulent Prandtl number (e.g. 0.9 for air).

The terms associated with molecular diffusion and turbulent transport in the energy equation
are lumped together.

σiju
′′
i −

1

2
ρu

′′
i u

′′
ju

′′
k ≈ (µ+ σkµt)

∂k

∂xj
(10.3)

where σk is coefficient associated with the modelling equation for k.

These terms are added to the equations previously described and the turbulence model is
then used to calculate the eddy viscosity µt and the turbulent kinetic energy k.

10.1 Menter SST-2003Vsust Two Equation Model

A detailed description of the Standard Menter Shear Stress Transport (SST) two equation
turbulence model can be found in [12]. A variation of this model that was published in 2003
(SST-2003) has several minor variations of the original SST version. See [11]. The Menter
SST Model with Vorticity Source Term (SST-V) makes use of the vorticity magnitude in the
production term (see [13]) and the SST Model with Controlled Decay (SST-sust) eliminates
the non-physical decay of turbulence in the freestream for external aerodynamic problems
through addition of sustaining terms to the equations. See [17]. The current implementation
combines all three updates to the Standard model.
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Turbulent kinetic energy equation

∂(ρk)

∂τ
+
∂(u ρk)

∂x
+
∂(v ρk)

∂y
+
∂(w ρk)

∂z
=Pm − β∗ρωk

+
∂

∂x

[
(µ+ σkµt)

∂k

∂x

]
+

∂

∂y

[
(µ+ σkµt)

∂k

∂y

]
+

∂

∂z

[
(µ+ σkµt)

∂k

∂z

]
+ β∗ρωambkamb

+ Pkb

(10.4)

∂(ρk)

∂τ
+∇ · (V · ρk) = Pm − β∗ρωk +∇ · [(µ+ σkµt)∇k] + β∗ρωambkamb + Pkb (10.5)

Equation that defines the turn over time of turbulent eddies ω

∂(ρω)

∂τ
+
∂(u ρω)

∂x
+
∂(v ρω)

∂y
+
∂(w ρω)

∂z
=
γm
νt
Pm − βρω2

+
∂

∂x

[
(µ+ σωµt)

∂ω

∂x

]
+

∂

∂y

[
(µ+ σωµt)

∂ω

∂y

]
+

∂

∂z

[
(µ+ σωµt)

∂ω

∂z

]
+ 2 (1− F1)

ρσω2
ω

(
∂k

∂x

∂ω

∂x
+
∂k

∂y

∂ω

∂y
+
∂k

∂z

∂ω

∂z

)
+ βρω2

amb

+
γm
νt
Pωb

(10.6)

∂(ρω)

∂τ
+∇ · (V · ρk) =γm

νt
Pm − βρω2 +∇ · [(µ+ σωµt)∇ω]

+2 (1− F1)
ρσω2
ω

(∇k · ∇ω) + βρω2
amb +

γm
νt
Pωb

(10.7)

Turbulent production term

Pm = µtΩ
2
v −

2

3
ρkδij

∂ui
∂xj

Buoyancy production terms

Pkb = −
µt

ρσρ
gi

[
∂ρ

∂xi
− ρΓ

(γ − 1)T

]
(10.8)

Turbulence Schmidt Number σρ = 1.0
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Pωb = C3max (0, Pkp) (10.9)

Dissipation coefficient C3 = 1

Turbulent viscosity
µt = ρkT (10.10)

T = min

[
a1

max (a1ω,ΩvF2)
,

0.6√
3Ωv

]
(10.11)

Vorticity magnitude
Ωv =

√
2WijWij (10.12)

Wij =
1

2

(
∂ui
∂xj
− ∂uj
∂xi

)
(10.13)

RANS length scale

LRANS =

√
k

β∗ 1
4ω

(10.14)

The turbulent kinetic energy dissipation term can be expressed as a function of the length
scale

β∗ωρk = ρk

√
kβ∗ 3

4

LRANS

(10.15)

For eddy resolving techniques like DES, DDES and LES the lengthscale can be set according
to the appropriate filter function Blending function

ϕ = F1ϕ1 + (1− F1)ϕ2 (10.16)

γm = F1γ1 + (1− F1) γ2 (10.17)

βm = F1β1 + (1− F1) β2 (10.18)

F1 = max
(
F3, tanh

(
arg41

))
(10.19)

arg1 = min

[
max

( √
k

β∗ωd
,
500ν

d2ω

)
,
4ρσω2k

CDkωd2

]
(10.20)

CDkω = max

(
2ρσω2

1

ω

∂k

∂xj

∂ω

∂xj
, 10−20

)
(10.21)

F2 = tanh
(
arg22

)
(10.22)

arg2 = max

(
2

√
k

β∗ωd
,
500ν

d2ω

)
(10.23)

F3 = exp

(
−
(
Ry

120

)8
)

(10.24)

Ry =
ρdk1/2

µ
(10.25)
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Production limiter

Pmlim
= min (Pm, 10β

∗ρωk) (10.26)

Boundary conditions

ωwall = 10
6ν

β1∆d2
(10.27)

kwall = 0 (10.28)

ωfarfield = ωamb =
5U∞

L
(10.29)

ωfarfield = ωamb =
k

ν

µ

µt

(10.30)

Note
µt

µ
=

√
k

ν
β∗ 1

4LRANS (10.31)

With U∞ the speed at infinity.

kfarfield = kamb = 10−6U2
∞ (10.32)

kfarfield = kamb =
3

2
(U∞I)

2 (10.33)

Where I is the turbulence intensity

Constants

γ1 =
β1
β∗ −

σω1κ
2

√
β∗ (10.34)

γ2 =
β2
β∗ −

σω2κ
2

√
β∗ (10.35)

σk1 = 0.85 σk2 = 1.0 (10.36)

σω1 = 0.5 σω2 = 0.856 (10.37)

β1 = 0.075 β2 = 0.0828 (10.38)

β∗ = 0.09 (10.39)

κ = 0.41 (10.40)

a1 = 0.31 (10.41)

The RANS conserved variables are

W = [ρ, ρu, ρv, ρw, ρE, ρk, ρω, ρϕ]T

corresponding to primitive variables

Q = [p, u, v, w, T, k, ω, ϕ]T .
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The advective flux terms are given by

FRANS =



0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
ρuk ρvk ρwk
ρuω ρvω ρwω
0 0 0


The diffusive flux terms are given by

GRANS =



0 0 0
τ txx τ txy τ txz
τ txy τ tyy τ tyz
τ txz τ tyz τ tzz

τ txxu+ τ txyv + τ txzw + kt ∂T
∂x

τ txyu+ τ tyyv + τ tyzw + kt ∂T
∂y

τ txzu+ τ tyzv + τ tzzw + kt ∂T
∂z

(µ+ σkµt)
∂k
∂x

(µ+ σkµt)
∂k
∂y

(µ+ σkµt)
∂k
∂z

(µ+ σωµt)
∂ω
∂x

(µ+ σωµt)
∂ω
∂y

(µ+ σωµt)
∂ω
∂z

0 0 0


The source flux terms are given by

SRANS =



0
0
0
0
0

Pm − β∗ρωk + β∗ρωambkamb
γm
νt
Pm − βρω2 + 2 (1− F1)

ρσω2

ω
(∇k · ∇ω) + βρω2

amb

0


10.2 Hybrid RANS LES

Hybrid RANS LES combines elements of both Reynolds-Averaged Navier-Stokes (RANS)
and Large Eddy Simulation (LES). The key idea is to use RANS in regions where the
turbulent length scales are smaller than a specified cutoff length, and LES in regions where
the turbulent length scales are larger.

Detached Eddy Simulation DES

In DES, the determination of the cutoff lengthscale is critical. One common approach is to
use a blending function to smoothly transition between RANS and LES modes based on the
grid resolution. The lengthscale can be defined as:

LDES = min (LLES, LRANS) (10.42)

LLES = CDES∆
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Delayed Detached Eddy Simulation DDES

Delayed Detached Eddy Simulation (DDES) is an extension of Detached Eddy Simulation
(DES) that introduces a delay in the transition from RANS to LES modes. The lengthscale
equation for DDES is typically expressed as follows:

LDDES = LRANS − fd max (0, LRANS − LLES)

LLES = CDES∆

fd = 1− tanh
[
(Cd1rd)

Cd2

]
rd =

νt + ν

κ2d2w
√
0.5 (S2 + Ω2)

Cd1 = 20

Cd2 = 3

The DDES approach aims to delay the transition from RANS to LES in regions where the
grid is still too coarse to resolve the smallest turbulent structures. It provides a more gradual
transition compared to standard DES, making it potentially more suitable for practical
engineering simulations.

Improved Delayed Detached Eddy Simulation IDDES

LIDDES = f̃dLRANS +
(
1− f̃d

)
LLES

f̃d = max{(1− fdt) , fb}

fdt = 1− tanh
[
(Cdt1rdt)

Cdt2

]
rdt =

νt

κ2d2w
√
0.5 (S2 + Ω2)

fb = min{2 exp
(
−9α2

)
, 1.0}

α = 0.25− dw/∆

Cdt1 = 20

Cdt2 = 3

10.3 Diffusive Jacobian

To reduce the stencil size we make use of a thin shear layer TSL gradient approximation at
the face, therefore the combined viscous and reynolds stress terms can be represented as

τxx = 2(µ+ µt)

(
∂u

∂x
− 1

3

(
∂u

∂x
+
∂v

∂y
+
∂w

∂z

))
− 2

3
ρk (10.43)

= (µ+ µt)

(
4

3

uj − ui
dij

∆xx −
2

3

vj − vi
dij

∆xy −
2

3

wj − wi

dij
∆xz

)
− 2

3
ρk (10.44)
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τyy = 2(µ+ µt)

(
∂v

∂y
− 1

3

(
∂u

∂x
+
∂v

∂y
+
∂w

∂z

))
− 2

3
ρk (10.45)

= (µ+ µt)

(
−2

3

uj − ui
dij

∆xx +
4

3

vj − vi
dij

∆xy −
2

3

wj − wi

dij
∆xz

)
− 2

3
ρk (10.46)

τzz = 2(µ+ µt)

(
∂w

∂z
− 1

3

(
∂u

∂x
+
∂v

∂y
+
∂w

∂z

))
− 2

3
ρk (10.47)

= (µ+ µt)

(
−2

3

uj − ui
dij

∆xx −
2

3

vj − vi
dij

∆xy +
4

3

wj − wi

dij
∆xz

)
− 2

3
ρk (10.48)

τxy = 2(µ+ µt)

(
1

2

(
∂u

∂y
+
∂v

∂x

))
= (µ+ µt)

(
uj − ui
dij

∆xy +
vj − vi
dij

∆xx

)
(10.49)

τxz = 2(µ+ µt)

(
1

2

(
∂u

∂z
+
∂w

∂x

))
= (µ+ µt)

(
uj − ui
dij

∆xz +
wj − wi

dij
∆xx

)
(10.50)

τyz = 2(µ+ µt)

(
1

2

(
∂v

∂z
+
∂w

∂y

))
= (µ+ µt)

(
vj − vi
dij

∆xz +
wj − wi

dij
∆xy

)
(10.51)

Assuming

T =
e

Cv

(10.52)

The total heat flux can be expressed by using equations from Chapter 3 in a form more
suitable for subsequent manipulation

(k + kt)
∂T

∂x
= Cp

(
µ

Pr
+

µt

Prt

)
∂

∂x

(
e

Cv

)
=
Cp

Cv

(
µ

Pr
+

µt

Prt

)
∂

∂x

(
ρE

ρ
− V 2

2

)
= γ

(
µ

Pr
+

µt

Prt

)
∂

∂x

(
ρE

ρ
− ρ2V 2

ρ22

) (10.53)
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The jacobian of the combined diffusive flux matrix is

∂G · n
∂(ρ)

=



0

−(µ+ µt)

[(
4

3

∂u/ρ

∂x
− 2

3

∂v/ρ

∂y
− 2

3

∂w/ρ

∂z

)
nx

+

(
∂u/ρ

∂y
+
∂v/ρ

∂x

)
ny

+

(
∂u/ρ

∂z
+
∂w/ρ

∂x

)
nz

]
−(µ+ µt)

[(
∂u/ρ

∂y
+
∂v/ρ

∂x

)
nx

+

(
4

3

∂v/ρ

∂y
− 2

3

∂u/ρ

∂x
− 2

3

∂w/ρ

∂z

)
ny

+

(
∂v/ρ

∂z
+
∂w/ρ

∂y

)
nz

]
−(µ+ µt)

[(
∂u/ρ

∂z
+
∂w/ρ

∂x

)
nx

+

(
∂v/ρ

∂z
+
∂w/ρ

∂y

)
ny

+

(
4

3

∂w/ρ

∂z
− 2

3

∂u/ρ

∂x
− 2

3

∂v/ρ

∂y

)
nz

]
m15

−(µ+ σkµt)
[
∂k/ρ
∂x
nx +

∂k/ρ
∂y
ny +

∂k/ρ
∂z
nz

]
−(µ+ σωµt)

[
∂ω/ρ
∂x

nx +
∂ω/ρ
∂y

ny +
∂ω/ρ
∂z

nz

]
0



(10.54)
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m15 = −(µ+ µt)

[
u

(
4

3

∂u/ρ

∂x
− 2

3

∂v/ρ

∂y
− 2

3

∂w/ρ

∂z

)
+v

(
∂u/ρ

∂y
+
∂v/ρ

∂x

)
+w

(
∂u/ρ

∂z
+
∂w/ρ

∂x

)]
nx

− 1

ρ
(uτxx + vτxy + wτxz)nx − γ

(
µ

Pr
+

µt

Prt

)
∂

∂x

(
E

ρ
− V 2

ρ

)
nx

−(µ+ µt)

[
u

(
∂u/ρ

∂y
+
∂v/ρ

∂x

)
+v

(
4

3

∂v/ρ

∂y
− 2

3

∂u/ρ

∂x
− 2

3

∂w/ρ

∂z

)
+w

(
∂v/ρ

∂z
+
∂w/ρ

∂y

)]
ny

− 1

ρ
(uτxy + vτyy + wτyz)ny − γ

(
µ

Pr
+

µt

Prt

)
∂

∂y

(
E

ρ
− V 2

ρ

)
ny

−(µ+ µt)

[
u

(
∂u/ρ

∂z
+
∂w/ρ

∂x

)
+v

(
∂v/ρ

∂z
+
∂w/ρ

∂y

)
+w

(
4

3

∂w/ρ

∂z
− 2

3

∂u/ρ

∂x
− 2

3

∂v/ρ

∂y

)]
nz

− 1

ρ
(uτxz + vτyz + wτzz)nz − γ

(
µ

Pr
+

µt

Prt

)
∂

∂z

(
E

ρ
− V 2

ρ

)
nz

∂G · n
∂(ρu)

=



0

(µ+ µt)
[
4
3
∂1/ρ
∂x
nx +

∂1/ρ
∂y
ny +

∂1/ρ
∂z
nz

]
(µ+ µt)

[
∂1/ρ
∂y
nx − 2

3
∂1/ρ
∂x
ny

]
(µ+ µt)

[
∂1/ρ
∂z
nx − 2

3
∂1/ρ
∂x
nz

]
m25

0
0
0


(10.55)
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m25 = (µ+ µt)

[
u

(
4

3

∂1/ρ

∂x
nx +

∂1/ρ

∂y
ny +

∂1/ρ

∂z
nz

)
+v

(
∂1/ρ

∂y
nx −

2

3

∂1/ρ

∂x
ny

)
+w

(
∂1/ρ

∂z
nx −

2

3

∂1/ρ

∂x
nz

)]
+

1

ρ
(τxxnx + τxyny + τxznz)

− γ
(
µ

Pr
+

µt

Prt

)
∂

∂x

(
u

ρ

)
nx

− γ
(
µ

Pr
+

µt

Prt

)
∂

∂y

(
u

ρ

)
ny

− γ
(
µ

Pr
+

µt

Prt

)
∂

∂z

(
u

ρ

)
nz

∂G · n
∂(ρv)

=



0

(µ+ µt)
[
∂1/ρ
∂x
ny − 2

3
∂1/ρ
∂y
nx

]
(µ+ µt)

[
∂1/ρ
∂x
nx +

4
3
∂1/ρ
∂y
ny +

∂1/ρ
∂z
nz

]
(µ+ µt)

[
∂1/ρ
∂z
ny − 2

3
∂1/ρ
∂y
nz

]
m35

0
0
0


(10.56)

m35 = (µ+ µt)

[
u

(
∂1/ρ

∂x
ny −

2

3

∂1/ρ

∂y
nx

)
+v

(
∂1/ρ

∂x
nx +

4

3

∂1/ρ

∂y
ny +

∂1/ρ

∂z
nz

)
+w

(
∂1/ρ

∂z
ny −

2

3

∂1/ρ

∂y
nz

)]
+

1

ρ
(τxynx + τyyny + τyznz)

− γ
(
µ

Pr
+

µt

Prt

)
∂

∂x

(
v

ρ

)
nx

− γ
(
µ

Pr
+

µt

Prt

)
∂

∂y

(
v

ρ

)
ny

− γ
(
µ

Pr
+

µt

Prt

)
∂

∂z

(
v

ρ

)
nz
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∂G · n
∂(ρw)

=



0

(µ+ µt)
[
∂1/ρ
∂x
nz − 2

3
∂1/ρ
∂z
nx

]
(µ+ µt)

[
∂1/ρ
∂y
nz − 2

3
∂1/ρ
∂z
ny

]
(µ+ µt)

[
∂1/ρ
∂x
nx +

∂1/ρ
∂y
ny +

4
3
∂1/ρ
∂z
nz

]
m45

0
0
0


(10.57)

m45 = (µ+ µt)

[
u

(
∂1/ρ

∂x
nz −

2

3

∂1/ρ

∂z
nx

)
+v

(
∂1/ρ

∂y
nz −

2

3

∂1/ρ

∂z
ny

)
+w

(
∂1/ρ

∂x
nx +

∂1/ρ

∂y
ny +

4

3

∂1/ρ

∂z
nz

)]
+

1

ρ
(τxznx + τyzny + τzznz)

− γ
(
µ

Pr
+

µt

Prt

)
∂

∂x

(
w

ρ

)
nx

− γ
(
µ

Pr
+

µt

Prt

)
∂

∂y

(
w

ρ

)
ny

− γ
(
µ

Pr
+

µt

Prt

)
∂

∂z

(
w

ρ

)
nz

∂G · n
∂(ρE)

=



0
0
0
0

γ
(

µ
Pr

+ µt

Prt

)(
∂1/ρ
∂x
nx +

∂1/ρ
∂y
ny +

∂1/ρ
∂z
nz

)
0
0
0


(10.58)

∂G · n
∂(ρk)

=



0
−2

3
nx

−2
3
ny

−2
3
nz

0

(µ+ σkµt)
[
∂1/ρ
∂x
nx +

∂1/ρ
∂y
ny +

∂1/ρ
∂z
nz

]
0
0


(10.59)
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∂G · n
∂(ρω)

=



0
0
0
0
0
0

(µ+ σωµt)
[
∂1/ρ
∂x
nx +

∂1/ρ
∂y
ny +

∂1/ρ
∂z
nz

]
0


(10.60)

∂G · n
∂(ρϕ)

=



0
0
0
0
0
0
0
0


(10.61)

10.4 Source Term Jacobian

It is common practice in turbulence modelling to ensure that the source term Jacobian is
positive thereby avoiding the use of a limiter (Spalart Allmaras, 1992). Since the source
term is subtracted from the residual, only negative terms are kept.

∂SRANS

∂ (ρk)
=



0
0
0
0
0
−β∗ω
0
0


(10.62)

∂SRANS

∂ (ρω)
=



0
0
0
0
0
−β∗k

−2βω +min
(
−2 (1− F1)

σω2

ω2 (∇k · ∇ω) , 0
)

0


(10.63)

This treatment has a serious deficiency, it may be the case that the production and destruc-
tion Jacobians are both very large, but almost cancel each other out. But from (5.52) a
large contribution will be made to the Jacobian, which may be interpreted as a reduction
of the time step. In such a situation very poor convergence will occur. However in this case
stability considerations outweigh efficiency considerations.
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10.5 Wall Function

For a quasi-equilibrium boundary layer, the region between the wall and the outer edge of
the logarithmic layer is universal. Near the wall derivatives in the streamwise direction can
be neglected and the flow and turbulence variables depend only on the y direction, normal
to the wall.

uτ =

√
τw
ρ
, u+ =

U

uτ
, y+ =

yuτ
ν
, ν+τ =

ντ
ν
, p+ =

ν

ρu3τ

dp

dx
, k+ =

k

u2τ
, ω+ =

ων

u2τ
(10.64)

For reference

u∗ = u+C1/4
µ

√
k/uτ (10.65)

y∗ = y+C1/4
µ

√
k/uτ (10.66)

Over a flat plate at zero pressure gradient the RANS equations simplify in the region near
the wall to the equilibrium stress balance model leading to universal near-wall solutions

d

dy

(
(µ+ µt)

dU

dy

)
= f (10.67)

where f = 0 for equilibrium stress balance model and f = 1/ρ dp/dx otherwise. Integration
along the wall normal coordinate for f = 0.

(µ+ µt)
dU

dy
= ρu2τ = τw (10.68)

Non-dimensionalise (
1 + ν+t

) du+
dy+

= 1 (10.69)

ν+t =
dy+

du+
− 1 (10.70)

Reynolds number obtained from the first cell

Rey =
y1u1
ν

= y+1 u
+
1 (10.71)

Incompressible adiabatic law of the wall valid for logarithmic region valid for 0 < y+ < 1000

U = uτ

[
1

κ
log
(uτy
ν

)
+B

]
(10.72)

Non-dimensionalise

u+ =
1

κ
log
(
y+
)
+B (10.73)

where B = 5.3271 for hydraulically smooth walls
The velocity in the sublayer 0 < y+ < 10 is given by

u+ = y+ (10.74)
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Boundary Layer Profile

The boundary layer profile equation proposed by Spalding

y+ = u+ + e−κB

(
eκu

+ − 1− κu+ − (κu+)
2

2
− (κu+)

3

6

)
(10.75)

dy+

du+
= 1− κe−κB

(
eκu

+ − 1− κu+ − (κu+)
2

2

)
(10.76)

Compressibility and heat transfer effects can be included by replacing the incompressible
adiabatic law of the wall term e−κBeκu

+
in Spalding’s equations with the outer velocity form

the White and Christoph.

u+ =
1

2Γ

[
β +Q sin

(
ϕ+

√
Γ

κ
ln

(
y+

y+o

))]
(10.77)

where

Γ =
ru2τ
2cpTw

(10.78)

β =
qwµw

ρwTwkwuτ
(10.79)

φ = sin−1

(
−β
Q

)
(10.80)

Q =
(
β2 + 4Γ

)1/2
(10.81)

y+o = e=κB (10.82)

r = Pr1/3 (10.83)

The nondimensional parameter Γ models the compressibility effects and parameter β models
the heat transfer effects. The outer velocity form of the White and Christoph reduces to the
standard law of the wall for incompressible adiabatic flow can be then be written as

y+ = u+ + y+white − e
−κB

(
1 + κu+ +

(κu+)
2

2
+

(κu+)
3

6

)
(10.84)

where

y+white = e
κ√
Γ

[
sin−1

(
2Γu+−β

Q

)
−φ

]
e−κB (10.85)

The temperature distribution within the boundary layer is given by the Crocco-Busemann
equation

T = Tw

(
1 + βu+ − Γ

(
u+
)2)

(10.86)

For adiabatic wall cases β = 0 and the Crocco-Busemann equation reduces to

T = Tw

(
1 +

(γ − 1) r

2
u2
)

(10.87)
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Boundary Conditions

Omega at the wall

ω+
vis =

6

β1 (y+)
2 (10.88)

ω+
log =

1

κ
√
β∗y+

(10.89)

ω+ =

√(
ω+
vis

)2
+
(
ω+
log

)2
(10.90)

Turbulent kinetic energy k at the wall

k+ = ν+t ω
+ =

(
dy+

du+
− 1

)
ω+ (10.91)

See [9] for more details

Gradient Boundary Conditions

The gradient at the wall calculated using the material in section 4.7 will return the incorrect
shear stress for wall functions due to V = 0 at the surface. Therefore the gradient in the
interior and halo cell adjacent to the wall are modified to return the correct shear stress.
Construct dU

dy
in the halo cell to return the correct wall stress assuming constant shear

dU

dy
=

ρu2τ
(µ+ µt)

=
τw

(µ+ µt)
(10.92)

(
dU

dy

)
halo

= 2

(
dU

dy

)
wall

−
(
dU

dy

)
interior

(10.93)

Assuming V = 0 at the surface(
dU

dy

)
local

= (∇V · n) · Vtangent (10.94)

The gradients are reflected therefore(
dU

dy

)
halolocal

= −
(
dU

dy

)
local

(10.95)

∇Vhalo = −∇Vinterior +
(
n

((
dU

dy

)
halo

−
(
dU

dy

)
halolocal

))
Vtangent (10.96)

∇Vinterior = ∇Vinterior +
(
n

((
dU

dy

)
interior

−
(
dU

dy

)
local

))
Vtangent (10.97)

Roughness

Roughness kr is the equivalent sand grain roughness height and µr is the associated dynamic
viscosity.

k+r =
kruτ
ν

(10.98)
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Law of the wall recast in roughness variables

u+ =

[
1

κ
log
(
y+
)
+Br

(
k+r
)]

(10.99)

u+ =

[
1

κ
log

(
y

kr

kruτ
ν

)
+Br

(
k+r
)]

(10.100)

u+ =

[
1

κ
log

(
y

kr

)
+

1

κ
log k+r +Br

(
k+r
)]

(10.101)

See [4] for details

The Richard and Hoxey Law assumes that the y = 0 is at the top of the roughness objects
at roughness length d0. This enables the specification of a roughness value that is greater
than the first cell height with the assumption of fully rough conditions k+r > 90.0

u+ =
1

κ
log

(
y + d0
d0

)
(10.102)

Recast into the same form as the equation above

u+ =
1

κ
log (y + d0)−

1

κ
log (d0) (10.103)

Roughness length d0 = kre
−Bκ with B = 8.5 for fully rough conditions.

u+ =
1

κ
log (y + d0)−

1

κ
log
(
kre

−Bκ
)

(10.104)

u+ =
1

κ
log
(
y + kre

−Bκ
)
− 1

κ
log (kr) +B (10.105)

u+ =
1

κ
log
(
y/kr + e−Bκ

)
+B (10.106)

Comparing to the law of the wall recast in roughness variables above

B = Br +
1

κ
log
(
k+r
)

(10.107)

This is the height where the velocity according to the log law falls to zero. This is approxi-
mately equal to 0.1 times the height of the roughness elements.

If the height of the first cell is much greater than the roughness value then d0 can be
replaced with the displacement height d1 that represents the offset to allow for the upward
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displacement of the flow by the surface objects. For atmospheric flows the displacement
height is around two-thirds of the canopy height.

u+ =
1

κ
log (y − d1)−

1

κ
log (kr) +B (10.108)

Boundary conditions from [4]

kw =
u2τ√
Cµ

min

(
1,
k+r
90

)
(10.109)

ωw =
uτ√

Cµκd0ϕr2

(10.110)

ϕr2 = min

[
min

[
1,

(
k+r
20

) 2
3

]
min

[
1,

(
k+r
45

) 1
4

]
min

[
1,

(
k+r
60

) 1
4

]]
(10.111)

From [3]

Br = B k+r < 2.25 (10.112)

Br = ξ

(
8.5− 1

κ
log k+r −B

)
+B 2.25 ≤k+r ≤ 90 (10.113)

Br = 8.5− 1

κ
log k+r k+r > 90.0 (10.114)

where ξ = sin

(
π
2
log

(
k+r

2.225

)
log( 90

2.25)

)

Temperature Wall Function

T+ =
(Tw − T ) ρCpuτ

q̇
(10.115)

T ∗ =
(Tw − T ) ρCpC

1/4
µ

√
k

q̇
(10.116)

Assuming Fourier’s Law

q̇ = −Cpµ

Pr

∂T

∂x
(10.117)

For y+ < 11.639

T+ = Pr y+ +
1

2
ρ
uτ
q̇
Pr U2 (10.118)

For y+ > 11.639
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T+ = Pr t

[
1

κ
log
(
y+
)
+B + P

]
+

1

2
ρ
uτ
q̇

[
Pr U2 + (Pr − Pr t)U

2
c

]
(10.119)

where Uc is the velocity at y+ = 11.639

The additional terms on the right are due to heating by viscous dissipation for compressible
flows. See [18]

P ≈ −1.12 is function of the ratio of the molecular to turbulent Prandtl number and for
smooth wall it is as follows. See [8].

P = 9.24

[(
Pr

Pr t

)3/4

− 1

] [
1 + 0.28e−0.007Pr/Prt

]
(10.120)

For rough walls Prough is defined as follows

Prough = 3.15Pr 0.695
(

1

Br

− 1

B

)0.359

+

(
Br

B

)0.6

P (10.121)

ABL Stability

For Atmospheric Boundary Layer wall functions we include the ability to model boundary
layer stability. This assumes that the boundary layer is fully turbulent y+ > 30 in the first
cell adjacent to the wall. L is the Obukhov Length

u+ =

[
1

κ
log
(
y+
)
+Br

(
k+r
)
− ψm

( y
L

)]
(10.122)

For stable conditions y/L > 0 ; 0 < Ri < 0.2

y+

L
=
uτ
ν

Ri

1− 5Ri

(10.123)

ψm

( y
L

)
= −5 y

L
(10.124)

du+

dy+
=

1

κy+
+

5

L

ν

uτ
(10.125)

For unstable conditions y/L < 0 ;Ri < 0

y+

L
=
uτ
ν
Ri (10.126)

ψm

( y
L

)
= 2 log

(
1 +X

2

)
+ log

(
1 +X2

2

)
− 2 arctan (X) +

π

2
(10.127)
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where

X =
(
1− 16

y

L

)1/4
(10.128)

du+

dy+
=

1

κy+
−

− 8

L
(√

A+ 1
)√

A
+

8

L
(√

A+ 1
)
A3/4

− 8

L (A1/4 + 1)A3/4

 (10.129)

where

A = 1− 16
y+

L

ν

uτ
(10.130)

Temperature

T+ = Pr t

[
1

κ
log
(
y+
)
+B + Pr − ψh

( y
L

)]
(10.131)

10.6 Menter SST SAS

The SAS approach developed by Menter and co-workers resulted from revisiting the K-KL
model of Rotta where K is the turbulent kinetic energy and L the traditional notation for
the macro-length of turbulence.

The model can be expressed as a modification of the SST model by the inclusion of an
additional source term to the ω equation.

QSAS = max

{
ρζ2κS

2

(
LRANS

Lvk

)2

− C 2ρk

σϕ
max

[
1

ω2

∂ω

∂xj

∂ω

∂xj
,
1

k2
∂k

∂xj

∂k

∂xj

]
, 0

}
(10.132)

Lvk = κ
|U ′ |
|U ′′ |

|U ′| =

√
∂Ui

∂xj

∂Ui

∂xj
|U ′′ | =

√
∂2Ui

∂xj∂xj

∂2Ui

∂xj∂xj
(10.133)

S =
√
2SijSij Sij =

1

2

(
∂Ui

∂xj
+
∂Uj

∂xi

)
(10.134)

where ζ2 = 3.52, C = 2 and σϕ = 2/3

In certain situations LRANS can become very large if ω is small and therefore QSAS will be
too large. Physically LRANS ≈ Lvk.

LRANS =

{
LRANS LRANS ≤ 105Lvk

Lvk LRANS > 105Lvk

(10.135)

High frequency limiting is handled via the WALE model.
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1. The model contains two length scales, the classical one related to the first derivative
of the resolved velocity, and a second one related to higher derivatives of the resolved
velocity.

2. a) The model provides RANS performance in stable flow regions (without explicit
grid or time-step dependency).

b) The model allows the break-up of large unsteady structures into a turbulent
spectrum (without explicit grid or time-step dependency).

c) The model provides proper damping of resolved turbulence at the resolution limit
of the grid. This requires some information about the step size of the grid, either
explicitly or implicitly.

WALE Model

For high frequency analysis, the SAS model can suffer from giving too little damping without
proper high wavenumber treatment. To eliminate any possible criticism of the SAS behavior
in the infinite grid limit, Egorov and Menter prefer to limit the predicted eddy viscosity by
the eddy viscosity of an LES model. The LES model suggested by Menter and Egorov, is
the Wall-Adapting Local Eddy-viscosity (WALE) model of Nicoud and Ducros. The WALE
eddy viscosity is computed in a similar fashion as the Smagorinsky method, yet the WALE
model is able to respond to near-wall effects and correctly lower the eddy viscosity in laminar
regions. The WALE eddy viscosity can be expressed as the following

µt = ρC2
w∆

2

(
Gd

ijG
d
ij

)3/2
(SijSij)

5/2 +
(
Gd

ijG
d
ij

)5/4 (10.136)

Gd
ij is the traceless symmetric part of the square of the velocity gradient tensor

Gd
ij =

1

2

(
g2ij + g2ji

)
− 1

3
δijg

2
kk (10.137)

where g2ij = ∂ui/∂xk∂uk/∂xj and Cw = 0.5 and ∆ = 3
√
V

Gd
ij =

∑
k

1

2

(
∂ui
∂xk

∂uk
∂xj

+
∂uj
∂xk

∂uk
∂xi

)
− δij

1

3

∑
i

∑
j

∂ui
∂xj

∂uj
∂xi

(10.138)
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Chapter 11

Gravity

11.1 Force Potential

Gravity is treated as a force potential

F = −∇φ = −ρg (11.1)

By integration and introducing z the height in the direction of the gravity vector

φ = g

∫
ρ dz (11.2)

11.2 Pressure Gradient

For a fluid in hydrostatic equilibrium

∂p

∂z
= −ρg (11.3)

For an ideal gas

∂p

∂z
= − p

RT
g (11.4)

11.3 Lapse Rates

For an isentropic process

p

ργ
= constant (11.5)

Temperature

Substituting the ideal gas equation of state
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p1−γT γ = constant (11.6)

Differentiating by parts with respect to altitude

T γ (1− γ) p−γ ∂p

∂z
+ p1−γγT γ−1∂T

∂z
= 0 (11.7)

(1− γ)
γp

∂p

∂z
+

1

T

∂T

∂z
= 0 (11.8)

Substitute the pressure gradient definition (11.4)

∂T

∂z
= −g (γ − 1)

γR
= − g

Cp

= −Γ ≈ 9.8◦K/km (11.9)

This temperature gradient is known as the dry adiabatic lapse rate.

Integrate

T = T0 −
g (γ − 1)

γR
z = T0 − Γz (11.10)

Also,

∂T

T
=

(γ − 1)

γ

∂p

p
(11.11)

Integrate

ln

(
T

T0

)
=

(γ − 1)

γ
ln

(
p

p0

)
(11.12)

Take exponent

T

T0
=

(
p

p0

) (γ−1)
γ

(11.13)

Density

Recall entropy equation

p

ργ
= constant (11.14)
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or

pρ−γ = constant (11.15)

Differentiating by parts with respect to altitude

ρ−γ ∂p

∂z
− γρ−γ−1p

∂ρ

∂z
= 0 (11.16)

1

p

∂p

∂z
− γ

ρ

∂ρ

∂z
= 0 (11.17)

Substitute the pressure gradient definition (11.4)

∂ρ

∂z
= − ρg

γRT
= − ρg

(γ − 1)CpT
=

ρΓ

(γ − 1)T
(11.18)

Also,

∂p

p
= γ

∂ρ

ρ
(11.19)

Integrate

ln

(
p

p0

)
= γ ln

(
ρ

ρ0

)
(11.20)

Take exponent

p

p0
=

(
ρ

ρ0

)γ

(11.21)

Pressure

Substitute the definition of T (11.10) in (11.13)

p = p0

[
1− g (γ − 1)

γRT0
z

]γ/(γ−1)

= p0

(
1− Γ

T0
z

)γ/(γ−1)

(11.22)

Summary

T = T0 − Γz (11.23)
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p = p0

[
1− Γ

T0
z

]γ/(γ−1)

(11.24)

ρ = ρ0

[
1− Γ

T0
z

]1/(γ−1)

(11.25)

Force Potential

Recall

φ = g

∫
ρ dz = g

∫
ρ0

[
1− Γ

T0
z

]1/(γ−1)

dz (11.26)

Integrating by substitution

φ = gρ0

∫
U1/(γ−1)−T0

Γ
dU = −gρ0

T0
Γ

γ − 1

γ

[
1− Γ

T0
z

]γ/(γ−1)

(11.27)

φ = p0

[
1− Γ

T0
z

]γ/(γ−1)

(11.28)
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Chapter 12

Stratified Atmospheric Flow

The incompressible solver can be run with a deep, hydrostatically stratified atmosphere using
the anelastic approximation. It is selected by setting stratified in the incomp viscous

(or incomp rans/incomp les) dictionary, and requires the energy equation with potential
temperature as the energy variable.

The Boussinesq branch described elsewhere holds density constant except in the buoyancy
term and refers buoyancy to a single global temperature. That is valid only when the domain
depth is small compared with the density scale height H = RT/g ≈ 8.4 km. The anelastic
system instead carries density as a prescribed function of height, so it remains in equilibrium
through a deep column:

∇ · (ρ̄(z)V ) = 0 (12.1)

b = −g
(
θ − θ̄(z)

)
θ̄(z)

(12.2)

Throughout this chapter an overbar denotes a base-state quantity, a prime denotes a pertur-
bation about it, z is height above the reference location measured along −g (so z increases
upwards), and g is the gravity vector with magnitude |g|.

12.1 Hydrostatic Base State

The base state is held in Exner form, which is what keeps the constant-N profile a closed
expression. The Exner function is

π =

(
p̄

p0

)R/Cp

(12.3)

and hydrostatic balance written in terms of π and the potential temperature is

∂π

∂z
= − |g|

Cpθ̄
(12.4)
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The remaining base-state quantities follow from π and θ̄:

p̄ = p0π
γ/(γ−1), T̄ = θ̄ π, ρ̄ =

p̄

RT̄
(12.5)

Three base-state profiles are implemented, each specified by a surface temperature T0 and a
surface pressure p0 at z = 0.

Isothermal

T̄ = T0 everywhere, so integrating (12.4) gives

π = exp

(
− |g|z
CpT0

)
, θ̄ =

T0
π
,

∂θ̄

∂z
=
|g|
Cpπ

(12.6)

Constant Lapse Rate

With a prescribed environmental lapse rate Γ = −∂T̄ /∂z,

T̄ = T0 − Γz, π =

(
1− Γz

T0

)|g|/(CpΓ)

,
∂θ̄

∂z
=

1

π

(
|g|
Cp

− Γ

)
(12.7)

Note that ∂θ̄/∂z is identically zero when Γ = |g|/Cp, the dry adiabatic lapse rate written
as Γ in the Gravity chapter. That is the neutral atmosphere, and it is the case for which θ̄
is uniform. The profile is only valid while T̄ > 0; a constant lapse rate taken high enough
drives the temperature through zero.

Constant Brunt-Väisälä Frequency

This is the stratification the gravity-wave benchmarks specify. With constant N ,

θ̄ = θ0 exp

(
N2z

|g|

)
, π = 1 +

|g|2

Cpθ0N2

(
exp

(
−N

2z

|g|

)
− 1

)
(12.8)

Recovering N from a General Profile

In general the buoyancy frequency is recovered from the base state as

N2 =
|g|
θ̄

∂θ̄

∂z
(12.9)

It is used to size the sponge layer and by the buoyancy-aware sub-grid-scale models.
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12.2 Anelastic Continuity

Because ρ̄ > 0, the constraint ∇ · (ρ̄V ) = 0 is equivalent to the divided form

∇ · V + V · ∇ (ln ρ̄) = 0 (12.10)

This form is used because the existing continuity row already assembles the discrete ∇ · V
as a face sum. The second term is then a cell-based contribution on the velocity columns,
which leaves the face fluxes – and with them the Rhie-Chow pressure-velocity coupling –
untouched. Rescaling every face flux instead would disturb both.

Differentiating ln ρ̄ = const− ln θ̄ + (Cv/R) lnπ and substituting (12.4) gives the coefficient
in (12.10) as

∂ ln ρ̄

∂z
= −1

θ̄

∂θ̄

∂z
− |g|
γRT̄

= −N
2

|g|
− |g|
c2

(12.11)

the standard anelastic result: a stratification part and an acoustic part. Only the second
survives in a neutral atmosphere, which is why ρ̄ still varies with height even when θ̄ does
not.

Discretely, for cell i the term contributes to the continuity row

Ωi
∂ ln ρ̄

∂z

∣∣∣∣
i

k̂ · Vi, k̂ = − g

|g|
(12.12)

12.3 Buoyancy

The buoyancy source added to the momentum equation is

b = −g
(
θ − θ̄(z)

)
θ̄(z)

(12.13)

The sign places warm air (θ > θ̄) in the −g direction. This reduces exactly to the Boussinesq
form −gβ(T − Tref ) when θ̄ is uniform and β = 1/Tref . What differs is that the reference
is a function of height, so it remains an equilibrium throughout a deep column rather than
balancing at one level only: a neutrally stratified atmosphere (θ ≡ θ̄) gives identically zero
buoyancy at every height.

12.4 Perturbation Form of the Energy Equation

The base state must be an exact solution of the discrete equations, not merely of the con-
tinuous ones, or it generates spurious motion. The energy diffusion operator is linear, so
rather than rebuilding the matrix to act on θ′ = θ− θ̄ the matrix is left acting on θ and the
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diffusion of the base state is added to the right-hand side. For a face between cells i and j
with discrete diffusion coefficient Df ,

Si += Df

(
θ̄i − θ̄j

)
(12.14)

Df must be the same discrete coefficient the matrix used. That is what makes the two
cancel exactly rather than approximately when θ ≡ θ̄. This applies to the non-orthogonal
correction as well as the orthogonal part; leaving the non-orthogonal term in full-field form
while its sibling is in perturbation form leaves a residual forcing on any terrain-following
mesh.

12.5 Pressure Correction

With the anelastic constraint the pressure-correction equation is weighted by the base-state
density at the face. Both the operator and the right-hand side carry ρ̄f :

nb∑
f

ρ̄fDf

(
p′i − p′j

)
= −

nb∑
f

ρ̄fFf (12.15)

where Ff is the predicted volume flux through face f and Df the usual (A−1Ω) |f/|dij|
Laplacian coefficient. The weighting must be applied over all faces of a cell, interior and
boundary alike; weighting the interior faces while leaving a boundary face unweighted mixes
two different constraints in the same row, and the size of the resulting error grows with the
departure of ρ̄f from unity, i.e. with domain depth.

The flux correction itself keeps the unweighted Df , which is what makes the constraint close:

nb∑
f

ρ̄f
(
Ff + F ′

f

)
=

nb∑
f

ρ̄fFf +
nb∑
f

ρ̄fDf

(
p′i − p′j

)
= 0 (12.16)

A consistency source is added at each face so that the constraint the cell enforces is the
weighted one referred to the cell’s own base density:

Si += −
nb∑
f

(
ρ̄f
ρ̄i
− 1

)
Ff (12.17)

This uses the actual face flux. Substituting the analytic equivalent −
∫
Ω
V ·∇ ln ρ̄ dΩ is valid

only at convergence, and using it to impose the very constraint that would make it valid
does not converge.
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12.6 Boundary Conditions

Slip Wall and Symmetry

The velocity is mirrored about the true face normal, Vhalo = Vi − 2 (Vi · n)n, which makes
the wall flux identically zero.

For pressure the correct condition in a buoyant flow is the normal momentum balance rather
than plain zero gradient,

∂p′

∂n
= b · n (12.18)

so the halo value carries the buoyancy work over the cell-to-halo offset:

phalo = pi + (b · n) δn, δn = 2 (xf − xi) · n (12.19)

At rest b ≡ 0 and this collapses to phalo = pi.

For the energy equation it is the perturbation that is mirrored, not the full potential tem-
perature:

θhalo = θi +
(
θ̄halo − θ̄i

)
(12.20)

A vertical symmetry plane is unaffected by this because both sides sit at the same height,
but a horizontal one – the rigid free-slip lid every atmospheric benchmark uses – would
otherwise flatten the background stratification.

12.7 Sponge Layer

To absorb upward-propagating gravity waves at the model top a height-based Rayleigh
damping layer is applied above a start height zs, with D the depth from zs to the domain
top:

σ(z) = σmax sin
2

(
π

2
min

(
z − zs
D

, 1

))
, z > zs (12.21)

and zero below. The damping is applied to momentum and to the energy equation as

∂Q

∂t
+= −σ(z) (Q−Qtarget) (12.22)

It is added implicitly, with σΩ on the diagonal and σΩQtarget on the right-hand side, so the
fixed point is (A+ σΩ)V = b + σΩVtarget. An explicit sponge carries a σ∆t < 1 stability
limit, and the published range of σmax against a typical atmospheric timestep puts cases
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directly on it. Adding to the diagonal also strengthens diagonal dominance, so it cannot
destabilise the linear solve.

The sponge is deliberately not applied to continuity: damping mass would fight the pressure
solve.

Two sizing criteria should be satisfied, and both are reported at start-up. The layer should
span at least one vertical wavelength,

D ≥ λz =
2πU

N
(12.23)

and the damping rate should satisfy 1 ≤ σmax/N ≤ 10.

12.8 Resolution Requirement

A stratified simulation carrying gravity waves must resolve the vertical wavelength λz =
2πU/N , not merely the boundary layer. The vertical spacing ∆z aloft is usually set by a
stretching cap rather than by the wave, and it is easy to end up with a mesh that is well
resolved near the ground and badly under-resolved at the height the wave occupies.

The error is second order in ∆z/λz, and in a mountain-wave calculation it shows up as
a vertical momentum flux that grows with height instead of being constant – an apparent
violation of the Eliassen-Palm theorem rather than an obvious amplitude error, which makes
it easy to misread as a spurious momentum source in the interior.

Measured on the linear hydrostatic mountain-wave case (U = 20 m/s, N = 0.0196 1/s, so
λz = 6423 m), varying only the vertical spacing cap and holding the near-wall spacing fixed
at 20 m:

λz/∆z M/MH (2–12 km) std d(M/MH)/dz per km
8.0 1.470 0.271 +0.079
16.2 1.144 0.037 −0.005
32.2 1.023 0.030 −0.009

where M(z) =
∫
ρ̄u′w′ dx is the Eliassen-Palm momentum flux and MH = −(π/4)ρ0UNh2m

its analytic hydrostatic value. At 8 points per vertical wavelength the flux is 47 per cent
high and grows with height; by 16 points the growth with height has gone and the amplitude
error is 14 per cent; by 32 points the result is 1.023 and constant. Eight points per vertical
wavelength is not enough, even though the same mesh resolves the surface layer to 20 m.
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Chapter 13

Atmospheric Physics

13.1 Richardson Number

The Richardson Number defines the ratio of buoyancy to shear within a boundary layer. Non
turbulent flow becomes turbulent when Ri < 0.25. Turbulent flow becomes non turbulent
when Ri > 1. Note there is hysteresis in the transition to and from a turbulent state.

Ri =
1

ρ

gi
∂ρ
∂xi(

gi
|g|

∂ui

∂xi

)2 (13.1)

13.2 Potential temperature

The potential temperature θ is defined as the temperature that an air parcel at pressure p
and temperature T would acquire if adiabatically brought to the reference pressure p0

θ = T

(
p0
p

) R
Cp

(13.2)

Equivalently θ = T/π with π the Exner function defined in the Stratified Atmospheric Flow
chapter. Potential temperature is the energy variable used by the stratified solver.

13.3 Obukhov Length

L =
u2τT0
κgθτ

(13.3)

where the scaling temperature θτ is defined as

θτ =
−q̇0
ρCpuτ

(13.4)

13.4 Coriolis Force

The Coriolis acceleration vector can de defined as follows
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In the Northern hemisphere - acceleration to the right of the velocity vector

fc = −
(
V × g

|g|

)
2ΩE sinϕ (13.5)

In the Southern hemisphere - acceleration to the left of the velocity vector

fc =

(
V × g

|g|

)
2ΩE sinϕ (13.6)

where ΩE = 7.292115 × 10−5 rad/s is the earth’s rotation rate and ϕ is the latitude (0◦ at
equator and 90◦ at the poles) and g is the gravity vector.

Note that this is the sidereal rate, which is the one that belongs in the Coriolis parameter: the
planet turns once per sidereal day (86164 s), not once per solar day. The value 2π/86400 =
7.2722 × 10−5 rad/s quoted in earlier revisions of this document is the solar-day rate and
is not what the solver uses. Both the rotation rate and the latitude may be overridden per
material with planet rotation and latitude.

Only the component of the Coriolis force that acts perpendicular to the direction of the
wind is considered, when viewed from a rotating reference frame. The Coriolis force in the
vertical direction is neglected in atmospheric flows as this component is small compared to
the gravitational acceleration.

f-plane and Geostrophic Forcing

For atmospheric boundary layer calculations the Coriolis term is applied on an f-plane, with
a single Coriolis parameter evaluated at the case latitude,

f = 2ΩE sinϕ (13.7)

and combined with a geostrophic wind Vg in a single expression,

a = −f k̂ × (V − Vg) , k̂ = − g

|g|
(13.8)

With Vg = 0 this is plain Coriolis; with V = Vg it is identically zero, which is the geostrophic-
balance property and the reason the two terms are written together. Applying the large-scale
forcing this way rather than as a fixed body force means the balanced state is a solution
rather than something the solver has to be driven towards.

The term is evaluated on the right-hand side, lagged on the pseudo-iteration. Because the
scheme is dual-time, the fixed point of the pseudo-iteration is Vlagged = V , so this is equivalent
to the implicit skew-symmetric operator; the two forms have been measured to agree to six
decimal places on the inertial-oscillation case.

Note that a horizontal geostrophic forcing cannot be balanced in a domain with symmetry
planes on the lateral boundaries, since those pin the horizontal velocity; a doubly periodic
box is required.
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13.5 Turbulence Profile

k =
u2τ√
β∗

[
1− z

zh

]2
(13.9)

ϵ =
1

κ

u3τ
z

(13.10)
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Chapter 14

Radial Basis Functions (RBF)

Radial Basis Functions (RBF) are useful in rapidly and consistently deforming a mesh ac-
cording to a prescribed motion of some or all of the boundary nodes. ZCFD allows users to
specify a deformation function, which may be selectively applied to different zones on the
boundary. The motion of these nodes is then automatically blended throughout the volume
mesh in order to maintain mesh quality. The motion is formally based on a subset of the
(potentially very large number) of boundary nodes specified, for numerical (conditioning)
reasons. ZCFD will automatically select the subset according to user-specified tolerances
and the number of nodes initially selected.

14.1 RBF interpolation method

The interpolation space consists of all functions s(x) of the form

s(x) =
∑
i∈γb

(γi)Φ(∥x− xi∥) + h(x) (14.1)

Where Φ is a radial basis function, with compact support over the domain [−α, α], where
α is a user-specified parameter. h(x) is a first degree polynomial and γb is a subset of the
N vertices of the CFD grid covering the deformable domain. Given the known discrete
displacement of boundary vertices Vb = {xi}i∈γb

ui = gi i ∈ γb (14.2)

Then, the respective coefficients γi and the polynomial h(x) are determined by imposing the
interpolation conditions

s(xi) = gi i ∈ γb (14.3)∑
i∈γb

(γi)q(xi) = 0 (14.4)

For all polynomials q with degree less or equal than that of polynomial h (i.e. first degree).
Hence leading to the following linear system of equations(

M P
P T 0

)(
γ
β

)
=

(
g
0

)
(14.5)

With the vector γ = (γ1 . . . γN), M is the interpolation matrix with elements Mij = Φ(∥xi−
xj∥), i,j ∈ γb, matrix P has elements Pi4 with row i given by (1 xi yi z1) i ∈ γb. Vector
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g = {gi}i∈γb contains the known boundary displacements and β, the vector of coefficients for
the polynomial h. Subsequently defined as

h(x) = β1 + β2x+ β3y + β4z (14.6)

For more information see [2]
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Chapter 15

Wall Distance

The discrete wall distance di is calculated automatically at the start of each simulation for
every cell centre (xi, yi, zi) in the mesh. The distance function d is mesh-based and discrete,
meaning that

di = min
j=0..(Ns−1)

√
(xi − xj)2 + (yi − yj)2 + (zi − zj)2 (15.1)

where (xj, yj, zj), j = 0, .., (Ns−1) are the face centres for the wall surface elements bounding
the domain.
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Chapter 16

Overset Meshes

An overset case is a set of meshesM0, . . . ,MM−1 that overlap in space. Each mesh keeps
its own discretisation, its own partitioning and its own boundary conditions; the meshes are
never merged. The coupling is imposed weakly, by interpolating the solution of one mesh
into a layer of cells of another and treating those values as a boundary condition.

Each mesh declares the mesh or meshes that supply it with donor data. This defines a
directed acyclic graph over the meshes, which is topologically sorted so that a mesh always
follows those it depends on. Every edge of the graph becomes an ordered pair (Mb,Mo),
written below as background and overset, carrying two mappings: one from Mo into Mb

and one fromMb intoMo.

16.1 Hole Cutting

Let χi ∈ {0, 1} be the active flag of background cell i, and let N (i) be its set of vertices. A
cell is blanked when every one of its vertices lies inside the overset mesh domain Ωo,

χi =

{
0 if x ∈ Ωo ∀x ∈ N (i)

1 otherwise
(16.1)

so a cell straddling the overset mesh boundary, with at least one vertex outside it, remains
active. Blanked cells take no part in the solution.

This minimal blanking is recorded before it is modified further, and is what the overset
output variable reports. An overlap band, in which both meshes carry an independently
computed solution, is then opened by N promotion sweeps over the interior faces. Writing
A(i) for the set of cells sharing a face with i, each sweep applies

χ
(l+1)
i =

{
1 if χ

(l)
i = 0 and ∃ j ∈ A(i) with χ(l)

j = 1

χ
(l)
i otherwise

(16.2)

for l = 0, . . . , N − 1, so the hole retreats by N cell layers. N is set by the additional

active layers option on the overset boundary condition.

When a mesh is the background of several overset meshes its flags are reset once, every hole
is then cut, and only then is any mapping computed. Cutting and mapping pair by pair
would allow a later pair’s reset to erase an earlier pair’s hole.
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16.2 Fringe Cells

The cells that receive interpolated data, the fringe set F , are drawn from the blanked cells
adjacent to the surviving active region,

F = { i : χi = 0 and dist(i, {j : χj = 1}) ≤ L } (16.3)

where distance is counted in cell layers across faces and L = 2 by default.

When the overset mesh moves, a cell blanked at this time step may be uncovered at the next,
so F is taken to be every blanked cell. That is safe but requires interpolating the entire hole
volume; setting moving mesh halo layers to L > 0 restores the layered definition, which
is sufficient when the hole is re-cut every real time step.

16.3 Donor Search

Rigid mesh motion is described by the transformation

T (x) = R(θ) (x− x0) + x0 + d (16.4)

with R the rotation about an axis through x0 through angle θ, evaluated by the Rodrigues
formula, and d a translation.

The mesh coordinates and the search structures are held fixed in each mesh’s own reference
frame and are never moved. Instead, a query point x belonging to the receiving mesh is
mapped into the donor’s frame before the search,

x̃ = T−1(x) (16.5)

and the donor cell is the cell of the stationary donor mesh containing x̃. The bounding
volume hierarchy used for that containment query is therefore built once per mesh and
reused until the relative position of the meshes changes, rather than being rebuilt every time
step.

A donor cell is only accepted if it is itself active. A fringe point falling in a blanked region of
the donor mesh has no valid donor, and the corresponding face falls back to the unmapped
face treatment instead of interpolated data. This is the usual reason to increase N .

16.4 Interpolation

Given a donor cell c containing x̃, the interpolated value is

W (x̃) =

∑
j∈D wjWj∑
j∈D wj

(16.6)

The donor set D and the weights depend on the requested order. At zeroth order D = {c}
with wc = 1, giving a piecewise constant transfer. At first order D is c together with its face
neighbours, and with dj = ∥xj − x̃∥ the distance from the query point to each donor cell
centre,

wj =
Rm − dj
Rm + 4dj

, Rm = 1.2 max
j∈D

dj (16.7)

so that the weight falls to zero at the edge of the donor stencil.
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16.5 Transformation of the Solution Between Frames

An overset mesh attached to a moving fluid zone is solved in its own mesh-attached frame,
and only the mapped data crosses between frames. Scalar components of W , the density
and the total energy, are frame invariant and are interpolated directly. The momentum
components are vectors and must be rotated,

(ρu)inertial = R(θ) (ρu)mesh (16.8)

with the inverse rotation applied in the opposite direction.

The dual time step differences the solution against the two previous time levels, so those
levels must be expressed in the same frame as the current one. At the end of each real time
step the accumulated angle is advanced by θ ← θ + ω∆t and the momentum of W n+1, W n

andW n−1 is counter-rotated through −ω∆t, which returns all three to the new frame before
the next step differences them.

16.6 Coupling Within the Dual Time Step

The interpolated values are exchanged once per pseudo time cycle, before any mesh is ad-
vanced. Writing k for the pseudo time index of the modified steady problem of section Dual
Time Step, the fringe cells of each mesh are assigned

W k
i = W (x̃i)

∣∣∣
donor at k

, i ∈ F (16.9)

and those values are then held fixed while the interior is advanced from k to k + 1.

This has a consequence for the choice of pseudo time scheme. A multi-stage explicit update
advances the interior several times within one cycle, and every stage sees the same frozen
interface data, so the interface lags the interior by an amount that depends on the stage
count. The implicit schemes take a single update per cycle, which is the rate at which the
exchange itself runs. An overset case therefore requires implicit euler or lu-sgs, and an
explicit pseudo time scheme is rejected during input validation.

16.7 Treatment of Blanked Cells

Blanking is carried through the rest of the solver by the same flag. The residual is masked,

Ri ← χiRi (16.10)

so blanked cells neither drive the solution nor contribute to the reported residual norms, and
the implicit update is masked identically so that a blanked row is left untouched.

On the coarse levels of the geometric multigrid the flag is inherited from the fine mesh.
Writing C(I) for the fine cells agglomerated into coarse cell I,

χI = min
i∈C(I)

χi (16.11)

so a coarse cell is blanked if any of its children is blanked. A coarse cell whose children
are a mixture of active and blanked is reported in the log; a large count indicates that the
agglomeration and the hole boundary are poorly aligned. Multigrid is in any case unavailable
with the implicit pseudo time schemes an overset case requires.
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Appendix A

∂W

∂Q′ =


1 0 0 0 ρp 0
u ρ 0 0 uρp 0
v 0 ρ 0 vρp 0
w 0 0 ρ wρp 0

H + hρ ρu ρv ρw ρpH − 1 + ρhp 0
ϕ 0 0 0 ϕρp 1

 (16.12)

where Q
′
= [ρ, u, v, w, p, ϕ]T

∂Q
′

∂W
=



(V 2−H−hr)ρp
d

+ 1 −ρpu

d
−ρpv

d
−ρpw

d

ρp
d

0
−u

ρ
1
ρ

0 0 0 0

−v
ρ

0 1
ρ

0 0 0

−w
ρ

0 0 1
ρ

0 0

−V 2−H−hr

d
u
d

v
d

w
d
−1

d
0

−ϕ 0 0 0 0 1


(16.13)

where d = (H + hr)ρp −Hρp − hpρ+ 1

∂F

∂Q′ =


q ρnx ρny ρnz ρpq 0

uq + pρnx ρ(q + unx) ρuny ρunz ρpuq + nx 0
vq + pρny ρvnx ρ(q + vny) ρvnz ρpvq + ny 0
wq + pρnz ρwnx ρwnz ρ(q + wnz) ρpwq + nz 0
(H + ρhp)q ρHnx + qρu ρHny + qρv ρHnz + qρw q(ρpH + ρhp) 0

ϕq 0 0 0 0 ρq


(16.14)
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New Results in Numerical and Experimental Fluid Mechanics VII, volume 112 of Notes
on Numerical Fluid Mechanics and Multidisciplinary Design, pages 43–50. Springer
Berlin Heidelberg, 2010.

[5] S. Creech et. al. Simulations of an Offshore Wind Farm using Large Eddy Simulation
and a Torque-Controlled Actuator Disc Model. University of Edinburgh, 2014.

[6] S. S. A. Ivanell. Numerical Computations of Wind Turbine Wakes. Gotland University,
2009.

[7] Antony Jameson. Time Dependent Calculations Using Multigrid, with Applications
to Unsteady Flows Past Airfoils and Wings. In Proc. 10th Comp. Fluid Dyn. Conf.,
Honolulu, HI, USA, June 24-26, 1991, AIAA-Paper 91-1596, 1991.

[8] Chandra Laksham Vaidyaratna. Jayatilleke. The influence of Prandtl number and sur-
face roughness on the resistance of the laminar sub-layer to momentum and heat trans-
fer. Prog. Heat Mass Transfer, 1:193-321, Jan 1969.

[9] Georgi Kalitzin, Gorazd Medic, Gianluca Iaccarino, and Paul Durbin. Near-wall behav-
ior of rans turbulence models and implications for wall functions. J. Comput. Phys.,
204(1):265–291, mar 2005.

[10] Hong Luo, Joseph D. Baum, and Rainald Löhner. A hybrid cartesian grid and gridless
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