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CFD

Preface

This document contains algorithmic details of the Computational Fluid Dynamics solver
zCFD. This is primarily a reference for users and developers of the software. It does not
detail the software implementation of the equations although the most of the equations map
directly on the code.
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Mathematical Notation

N T D

Po

Pp

Radial Basis Function scaling parameter
Runge Kutta stage coefficient
Base-state (hydrostatic) density
Base-state potential temperature
Base-state pressure

Base-state temperature

1, ifi=y

0, ifi#y

Control volume interface velocity vector

Defined as {

Lapse rate —07'/0z

Ratio of specific heats
Vertical wavelength 27U /N
Dynamic viscosity

Experimentally determined dynamic viscosity

T
Defined as [%, 8%, %]
Viscosity

Volume

Planetary rotation rate
Transported quantity
Exner function (p/pe)™
Angular velocity [¢,, 1, wz]T
Density

Total density

Partial derivative g}% at constant T’

(©Zenotech Ltd



CFD

CONTENTS
T Partial derivative g—; at constant p
o Sponge layer damping rate
Oij Viscous stress tensor
T Pseudo time step
Tij Shear stress
0 Potential temperature
o' Potential temperature perturbation 6 —
k Pseudo time step
m Runge Kutta stage
" Time step
i Cell index
A Face area
b Buoyancy acceleration
c speed of sound
C, Specific heat constant pressure
C, Specific heat constant volume
d wall distance
E Specific total energy
e Internal energy
F Advected flux tensor
f Coriolis parameter 2§2g sin ¢
f Inviscid wall flux
Fy Volume flux through face f
G Diffusive flux tensor
g Gravity
H Total Enthalpy
h Enthalpy
hy Partial derivative g—z at constant T’
hr Partial derivative g—;ﬁ at constant p
1 Identity Matrix
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Ps

Dsoo

Turbulent kinetic energy

Heat transfer coefficient

Is to base e

Brunt-Viiséld (buoyancy) frequency

Vector normal surface

Preconditioning matrix

Pressure

Pressure correction

Total pressure

Molecular attraction between water molecules
Static pressure

Reference static pressure at infinity

Prandtl number

Primitive variables [p, u, v, w, T, (b]T
Heat flux component i

Gas constant

Coordinate Vector [z, v, 2]"

Residual function

Coarse mesh residual function

Source terms

Entropy

Face area vector

Viscous strain rate tensor

Temperature

Time

Total temperature

Static temperature

Experimentally determined temperature
Reference static temperature at infinity

Reference velocity for preconditioner

(©Zenotech Ltd



CFD

CONTENTS
1% Velocity vector [u, v, w]”
Vy Geostrophic wind
W Conserved variables [p, pu, pv, pw, pE, p¢]"
x x ordinate
Y y ordinate
z z ordinate
10 (©Zenotech Ltd



CFD
CHAPTER 1. ZCFD

Chapter 1

zCFD

1.1 Introduction

zCFD is a many-core accelerated Computational Fluid Dynamics solver that solves the
Steady or Unsteady Reynolds Averaged Navier Stokes (RANS) equations using the finite
volume technique. This is based on a cell centred approach on arbitrary polyhedral meshes
with the boundary conditions applied in a weak formulation. The scheme implemented is
formally 27¢ order accurate in time and 3" order accurate in space.

The spacial accuracy is achieved by using a slope limited MUSCL reconstruction at cell
interfaces. The HLLC scheme is then used with the reconstructed values to calculate the
interface flux.

The primary solver is based on a multi-stage Explicit solver using local time stepping and
geometric multigrid to accelerate convergence.

Turbulence modelling is provided by an implementation of Menter SST two equation model
which is can be used in low Reynolds number mode (i.e. integration to the wall) or high
Reynolds number mode (i.e. wall functions)

(©Zenotech Ltd 11






CHAPTER 2. NAVIER STOKES EQUATION

CFD

Chapter 2

Navier Stokes Equation

2.1 Compressible Form

Continuity
dp 9(pu)  O(pv)  O(pw)
- =0 2.1
o " or oy 02 (2.1)
dp
- . = 2.2
5 +V.-pV =0 (2.2)
Momentum
Jd(pu) N d(puu) N d(puv) N d(puw) _ 004 N 004y N 00,
ot ox oy 0z ox Jy 0z (2.3)
9 :
+ 52+ pfew + PFea,
ox
d(pv) N d(pvu) N d(pvv) N I(pvw) _ o4y N oy, N doy,
ot Ox dy 0z Ox dy 0z (2.4)
9 :
+ _()0 + pfcy + pFe:cty
dy
Jd(pw) N J(pw u) N I(pwv) N d(pww) _ 904 N doy, N 00,
ot ox dy 0z ox dy 0z (2.5)
5 :
+ 22+ pfe. + pFurt,
0z
In vector notation
0
SV)+ T (pV V) =V 0+ Vot pl+ pFay (2.6)
For air 9
a(pV)—l-V(,OVV)I—Vp—i—VT—O—Vgo—i-pfc—i—pFext (27>
Note that gravity is treated as a force potential
F=-Vy=—pg (2.8)
(©Zenotech Ltd 13
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Energy

0 ) ) ) dqg 0q Oq
Z(pE) + —(pE 2 (pE Z(pEw)=— A A _ A
at(ﬂ )+ax(p u)+ay(p v)+az(p w)

0
ox

+u(pfe, + pFewt,)
+ v (pfcy + pFe:cty)
+w (pfe. + pFeat.)

In vector notation

O (pE) +V - (pB-V) =V (V- (@) =V g4 V- (V-0) V- (pfe 4 pFeat)  (210)

For air

%(pE)JrV'(pE-V):—V-(V‘(p—so))—V-quV'(V-T)+V-(pfc+pFext) (2.11)

Newtonian Stress tensor o;; is

2
Oij = — {p + (gﬂ - )\) V- V] 0ij + 11253 (2.12)

For dilute monatomic gases the expansion viscosity A = 0, for water A = 3u and for complex
liquids like benzene A = 1004

For air assume

Oij = —poij + Tij (2.13)
Viscous stress T
Up,
=20 | S — =—=——0;; 2.14
Tij 2 ( 3 0y J) ( )
Viscous strain rate tensor L /o 5
U, U ;
Sii = = : J 2.15
Heat flux from Fourier’s Law
aT w OT
=k = —C,——— 2.16
¢ haxj P pr Oz, ( )

Note when gravity is active the temperature gradient is replaced by the potential temperature
gradient so as to recover the correct temperature lapse rate.

or C’M{GT—&}

S R 2.1
Ox; Ppr|oz; C, (2.17)

¢ = ky,

14 (©Zenotech Ltd
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2.2 Incompressible Form

Continuity for incompressible flows

dp

5 TV PV =0 (2.18)
VpV =0 (2.19)

Momentum equation
2(pV) +V - (pV V)=V 0+ V¥V pFey (2.20)

ot

Expanding the Newtonian stress tensor assuming V-V =0

Vioy=-V-p+V-2uS;j=-V-p+V-uVV =-V p+uVV (2.21)

Therefore

0
S (OV) £V (pV V) = =V -p+ V- uVV + V- pFoy (2.22)

Derive incompressible internal energy equation

0

a(pE) +V-(pE-V)==V-q+ V. (0;V)+pVE.y (2.23)
9] V2
—(PE)+ V- (ple+ =) V) ==V - q+ V- (0;V) + pV Fuuy (2.24)

ot 2

)
o, (PE) + V- (pe - V)£V (oV V) = =V g+ VV -0y = pV -V 4 V. 4 pV Foy (2:25)

Cancelling terms that relate to momentum conservation and expanding viscous stress 7;;

%(pe)+V~(pe~V):—V~kVT—pV~V+V‘(V~uVV) (2.26)

For incompressible flow V -V =0

9,
g(pe) +V-(pe- V)=V -E,VT +V-(V-uVV) (2.27)

(©Zenotech Ltd 15
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2.3 Integral Form

Combining the vector form of each individual equation into tensor form and grouping the
derivatives in advective F', diffusive G and source terms S.

%—VZ+V.F—V.G:S (2.28)

This equation is integrated over each control volume 2

2/Wczv+/v-1~"czV—/v-(;czvz/sazv (2.29)
ot Q Q Q Q

The next step relies on application of the Divergence theorem which states that the surface
integral of a scalar function is equal to the volume integral of the gradient of the scalar
function

/V-FdV:/F-ndA (2.30)
Q

Hence
0
—/WdV+/F~ndA—/G-ndA:/SdV (2.31)
at Jq Q
where
W = [p, pu, pv, pw, pE, pg]"
T
Q:[p7u7fu7w?T7¢}
pU pU pw
pu +p— ¢ puv puw
F— puv pv2 +p— pLw
B puw pow pw? +p — ¢
pull +up —up pvE +vp —ve pwE + wp —we
pug pue pwe
0 0 0
Tex Ty Trz
G — Ty Tyy Tyz
Trz Tyz Tzz
Taall + TgyU + T W + kh‘g—g TayU + TyyU + Ty + kh% TuzU + Tys¥ + TooW + kh%—f
0 0 0

S = |:0710fc:v + pFemtzapfcy "’pFea:tynOfcz + pFext., V- (pfe + pFect) 70}T

16 (©Zenotech Ltd
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2.4 Semi Discrete Form

Assuming piecewise constant solution over the volume i

9 (Q;W5) B
o D FW) = GV)] - A= 08, =0 (2.32)
Re-arrange and define Residual function R(W) = > [F(W) — G(W)] - A — ;S;
% +R(W) =0 (2.33)

2.5 Dual Time Step

Expanding the time derivative terms with 2"¢ order accurate Backward Difference Formula
with a view to solving implicitly.
(SQ?-i-lVVin-&-l o 49?‘/{/{1 + Q?—lwin—1>

n+ly 234
N + ROW™1) =0 (2.34)

This equation can be treated as a modified steady state problem solved using local time
steps and multigrid in a fictious/pseudo time step 7.

ow,

Q?“a—; +R(W)=0 (2.35)
3, — AQr W 4+ Q!
R*(W)=R(W)+ ( : L - : ) (2.36)
2At
See [7] for more details.
Expand the pseudo time derivative using a forward difference approximation| .
Wit —wk

Qrtt W Y) = —R*(W) (2.37)

AT

2.6 Precondition

We introduce a preconditioner to improve the condition number of the system at low speeds.
This is achieved through the use of a modified Jacobian that effectively changes the wave
speeds in the preconditioned system. This can be intuitively specified in primitive variables
@ but the solver operates on conserved variables. Therefore the preconditioning matrix
consist of transforming the variables into primitive form before converting them back using
the modified /preconditioned transformation which is described in more detail on page 17.

ow oW\

P=—|— 2.38
i (52) |, 539

Pp 0 0 0 Pr 0

upp p 0 0 upr 0

ow Py 0 p O vpr 0
A 2.39
0Q wpp 0 0 »p wpr 0 ( )

ppH —1+phy pu pv pw Hpr+ phy 0

PPy 0 0 0 bpr p

Zenotech Ltd 17
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phr+pr (H—VQ)

Zu v w220
—u 1 0 0 0 0
ow\ ! o 0 1 0 0 0
0Q s 0 0 5 0 0
_pp(H—v;i)H—php Lty By By
—¢ 0 0 0 0o 1
p p
where d = pp,hr + pr (1 — ph,)
Introduce the transformation matrix P~! = (%%) g—é‘?,
ow;
Q;?“P—la— + R*(W)=0 (2.41)
T

Rearrange and expand the pseudo time derivative using a forward difference approximation

Wkl _ Wk
Q?“P‘l( - Ar 9 = —R*(W) (2.42)

2.7 Geometric Conservation Law

When the control volume is moving and/or deforming, the conservation property may be
violated unless the following geometric conservation law (GCL) is satisfied

0 [
& - / #dA =0 (2.43)

Expanding the time derivative using a 2"¢ order accurate backward difference

3 — 4y + ! ,
AL => i Ay (2.44)
Rearranging
g1 _ 28t (S ap+a0r —r ) (2.45)
() 3 f ) (3 *

2.8 Arbitrary Lagrangian-Eulerian

The advective flux tensor F' for a moving control volume (i.e when (2 is a function of time)
1s

p(u - Iu) p(U - i‘v) p(w o j“nw)
pu(u — ) +p pu(v — &) pu(w — Zyp)
e pv(u — &) pv(v —a,) +p pu(w — @)
pw(u — ) pw(v — Iy) pw(w — &) +p
pE(u—1,)+pu pE(v—1a,)+pv pE(w— ,)+ pw
po(u — i) po(v — &) po(w — &)

when = 0 this system corresponds to the FEulerian description whereas @ = V results in
the Lagrangian description where the control volume moves with the fluid velocity.

18 (©Zenotech Ltd
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CFD

Chapter 3
Thermodynamics
3.1 Basic
Total Energy
E=ec+ %2 +k
Enthalpy
h=e+ b

Total Enthalpy

H=p+72
P
Entropy
dh 1
dS = T — p_T 1%
oh Oe ov
—| =—| +P—| =C
oT » oT » oT » P
Oe
ar| =~
Oe
T_or
0s
Oe
L_p
oV

(3.1)

(3.2)

(3.7)

(3.8)

(3.9)

(©Zenotech Ltd
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Specific Heats

= — 1
"= (3.10)
R=C,—C, (3.11)
R YR
Op_ﬁﬂ%_m (3.12)
R

3.2 Equation Of State - EOS

Definition

The equation of state defines the relationship between pressure, density and energy

p=p(p.e) (3.14)
Oh
= dp(p. 5) = @2 @ = Por (3.15)
T d dep? 0 3 9 '

The following partial derivatives have been calculated in their most general forms with the
arbitrary constants £ and S varying for different EOS.

dp
= | = 3.16
=5, . 123 (3.16)
dp
PT = 57 . =—pP (3.17)
oh
hy = o ) = () (3.18)
oh 1— BT
h, = —| = 3.19
p Ip . D ( )
Ideal Gas EOS
VQ
p=(—Lpe=(y—1) (pE - pT - pk:) (3.20)
T = (7; e (3.21)
Assuming a thermally perfect fluid
h=CpT (3.22)
e=C,T (3.23)
p=p(Cp— Cy)T = pRT (3.24)

20 (©Zenotech Ltd
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CFD

= fy]—? 3.25
) (3.25)
1
£=-— 3.26
p (3.26)
f== (3:27)
=7 )
Tammann EOS
pV?
p=(-1) (Pe—T—Pc) =(y—1)pe—~PF. (3.28)
Assuming a thermally perfect fluid
h=C,T (3.29)
e=0C,T (3.30)
p=p(Cp—C,)T =P = pRT — P, (3.31)
P,
? = ”yp i (3.32)
P
1
= 3.33
B= (3:34)
== )
Tait EOS
o\’
p=B K_> _1] A (3.35)
Po
A=1.0x10% B=3.31x10° py=1.0,v="7.15 (3.36)
v
B2
P = <”°) (3.37)
P
B—A
2_ Pt (3.38)
P
p—A = Po
= 1 — )
3 wo{ 7+ } B (3.39)
=0 (3.40)
h = C,T (3.41)
e=C,T (3.42)
When C), not a function of temperature
T — 2 p 3.43
c (3.3
(©Zenotech Ltd 21
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3.3 Material Properties

Air
Dynamic viscosity is calculated using Sutherland’s Law
3
T \2Toes+ S
= e 3.44
Bt (3.44)

where for air the Sutherland temperature is S = 110.4K

Water

Dynamic viscosity is calculated using
p=A(10)7c (3.45)

where for water A = 2.414 x 107°Pas ; B = 247.8K and C = 140K

22 (©Zenotech Ltd
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CFD

Chapter 4

Non Dimensionalisation

4.1 Basic
- p* with  py =1
Poo  Poo
P _ P itk Poo = 1
Do DPio
T T*
U U 00
go g Vith U = Mo = Mo '% = /7M.
o pooUooLref
Moo = Re

*

t c* c
_— = 0 = S = 1/ R*T*
e Y o

g ([t 2_ Coo 2_ 1
g*_ t N ct _R*T;‘O

Poo = Pl with R=1

Ideal Gas EOS

(4.1)

(4.2)

(4.8)

(©Zenotech Ltd
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Chapter 5

Solver

5.1 Explicit

An explicit scheme by definition uses the current solution to calculate the derivative terms
which are then used to march the solution forward in time.

oW;

Qﬁ-ﬁ-lp—l_ * k — 1
PP RY(W) =0 (5.1)
Using (2:42)
Wkt _ k
Q?“P‘l( X ’):—R*(W’“) (5.2)
T

Runge Kutta

A multi stage time marcher enables larger time steps to be taken compared to purely Euler
marching through increased stability. A typical m stage scheme with «,, coefficients:

wiEm=t = Wik (5.3)
k,m+1 km ATi * km
VVZ‘IH_I _ VVik,m:5 (55)

5.2 Implicit

An implicit scheme calculates the derivative terms using the solution at the next time step.
This results in a linear system of equations that can be solved using a range of linear solvers
and benefits from increased stability enabling very large time steps to be taken.

oW;
Q;?“P-lW + R (WHh =0 (5.6)

Using (2:42)

Zenotech Ltd 25
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Wit —w)
Q'{H—lp—l ( 7 * k+1 )
; o —R (W) (5.7)
Estimate residual at next time level through a truncated Taylor series expansion
WkJrl Wk) OR*
Qn+1P 1 ( i) R* Wk Wk+1 Wk 5.8
- )+ G 5 (5:5)
Rearranging
O p O (Wi = WF) = —R*(W") (5.9)
AT ow v ‘

Solve system of linear equations for §W; by rewriting (4.9) in the form

ASW; = B (5.10)

With A = [Z2P1 4 98] oW; = (WS — WE) and B = —R*(W*). Then, the solution
at the next pseudo time step is given by
Wk = 5w, + Wk (5.11)
Note that by using (2.15) )
gﬁ/‘ = 2 g—; + Q%At] (5.12)
gﬁ/ =y Kg—g/ - g—g) A ] Qg—‘f/ +Q%I (5.13)

faces

Finite Difference Jacobian

This approximates the jacobian using the Finite Difference approximation to perturb the
solution vector one variable at a time by the value of €, enabling numerical evaluation of the
matrix entries.
OR* R (WF+e€) — R (WF)
ow €

(5.14)

Analytic Jacobian
See [1]

The total size of the system can be reduced by not storing the solution for the halo cells but
accounting for their effect in the adjacent interior cell. Spliting contributions from interior
cells k£ and halo cell [, the equation for cell ¢ in the linear system becomes

Qe+t OF G L 05 3
ar +<;[<am_a_wi)”4f] e T A

+) K;VZ; aam(i) Af] SW,, (5.15)

n,n#l

OF  0G o
| (G o) 4] wi = -y

oW;

26 (©Zenotech Ltd
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To remove the dependency on cell [ we can establish an implicit relation between the interior
cell and the halo.
oW, = CoW; (5.16)

Q! OF G oS 3 oF oG
—_p! — —Qrt L ortt 1 —
Ar b T (zn: (am 6Wi) AR Y.V (am am) C)

+ ) ( or._ oG ) SW, = —R* (W)

ow;

ow,, oW,
n,n#l
(5.17)
5.3 Point Implicit
n+l p-1 (Wz‘kH — Wzk) _ * 1
Qrp e = —R* (WH) (5.18)
OR R (Wh+e) - R (Wh—¢) p (5.19)

ow 2¢

A can then be split into 3 components, the viscous component A,, positive and negative
components At and A~ with TAT~! the standard eigenvalue decomposition of matrix A.

A=AT+ A+ A, = (TATT T+ 0 0) + (TA T = NoI) + Ay (5.20)

with m eigenvalues given by

Am = B ([Val + ¢) (5.21)

For point implicit consider only positive wave speeds

A=At 4 % (5.22)

5.4 Preconditioner

The behaviour of the preconditioner is to de-couple pressure and density at low speeds,
therefore we are looking to provide an alternative formulation for p,. See [19] for more
details.

Define
1
o= <ﬁ - ppTTT) (5.23)
U, = min [max (V, AL’ Ai’ € %> ,c] where € = 1073
x Az p
Define . .
(%—g) = (g—g) with p, = © (5.24)

Zenotech Ltd 27
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Wave Speeds

Define the face normal velocity as

qg=V-n (5.25)

The wave speeds before and after preconditioning are

A=qg+c (5.26)
N=¢+¢ (5.27)
where
i=a(1-3(1-%)) =501+ %)
: 1 U2\’
GO e
Matrix P

Substitute p, with © in (2.40) and multiply by ([2.39)

A Bu Bv Bw -B 0
(A—1)u Bu?*+1 Buv Buw  —Bu 0
P_@_W(@_W)l | (A-1w Buv Bv? +1 Bow —Bv 0
0Q \ 0Q | (A=-Dw  Buw Buow Buw?+1 —Bw 0
D-V* (C+1lu (C+Lhv (C+Hw -C 0
(A-1)¢  Buo Bué Bwé  —Bo 1
(5.28)
Where
A Poohr = prpy (H = V?) —Cfl)pThp —prO© (H —V?) + pr
_ pophr + pr (H —V?)) — pr (phy + © (H - V?) — 1)
dm

5 Popr = prO) _ prlpp—©)

A B A
C— pprhy + prppH — pr — pOhr — prOH
A
_rr (phy + ppH — 1) — O (phr + prH)
dm

(php + ppH = 1) (phr + pr (H = V*?)) — (phr + prH) (phy + © (H = V?) — 1)

D:
A,

dym = pOhr + pr (1 — phy)
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5.5 Geometric Multigrid

Geometric multigrid is used as a low frequency smoother for the explicit solver. This op-
erates on a hierarchy of pre generated coarse meshes that have a fixed child to parent cell
relationship. The algorithm is split into three stages:

1. Restrict from fine to coarse (subscript r)
2. Solve on coarse mesh (coarse cell subscript i..)

3. Prolongate from coarse to fine (subscript p)

This is applied in a V cycle i.e. Stages 1 and 2 are applied recursively from fine to coarsest
mesh before stage 3 is applied recursively from coarse to fine.

Residual Restrict Operator

children

2At 2At

Ry = Y PR (W) (5.29)
1
Solution Restrict Operator
1 children
k __ n+1 k
Wic——%ﬂ ; QW (5.30)
Coarse Mesh Explicit Solve
Define
QLW 3Ok
R (WEm) = | ROVE™) + (o0t i) + |Rei, — (R(W;j) + Q)] (5.31)

TV
Constant part of residual

The second term represents the error associated with solving on a coarser representation of
the volume and is constant for all Runge Kutta stages.

_ _ AT;
im0 35 (e (1) 0
WE = pylm=s (5.34)

Coarse Residual Restrict Operator

children

Rpjey = Y RO(W}) (5.35)

1
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5.6 Prolongate Operator

The prolongation operator applies the correction from coarse to fine mesh. The relaxed
correction is directly applied to the fine mesh before the application of a smoother to remove
any high frequency noise.

Correction

The correction is the difference between the currently computed solution and the restricted
solution from the finer mesh

Wioy, = 0.75 (WF = W,.;.) (5.36)

Laplace Smooth
The correction is then smoothed on the finer mesh using a Laplace smoother with f = 0.5

neighbours

. area (fWhi,_, + (1= f) Wy, ) (5.37)

areaiotal

Wp,l‘671 -

Update solution

The smoothed correction is then applied to the finer mesh solution recursively for all meshes
from coarse to fine.

Wh =wE W, (5.38)

lc—1

Wk =wF+w,, (5.39)

5.7 ALE Preconditioned HLLC Flux
See [14]

The HLLC flux can be defined as

F, it Sp >0,
F(VVl*), ifSL§0<SM,
Fpic = 5.40
HELCY FOW™), it Sar < 0 < Sg, (5.40)
F., if Sgp < 0,
where
ol o (St —a1)
&) [ poalibon
«_ | (o)l | _ S —q p*—pl ny
W/ = = = 541
CE w | TS =5 | (S - a) (ow), + (5 — po) e (5:41)
(pE); (St —a) (pE), — pi (Vi - n) +P*5M
(po); (p9), (SL — a)

30 (©Zenotech Ltd



CHAPTER 5. SOLVER

CFD

p; Pr (SR QT)
(pu):f (SR - QT‘) ( ) ( * = pr) Ny
e | o | 2 L (Sr —ar) (pv), + (p" — pr) my
" (pw): SR — SM (SR - QT) ( ) (p* - pr) n,
(PE); (Sr —ar) (pE), — pr(V; - n) +p*Sur
(p9); (p9), (Sr — qv)
Pdi Prqr
(pu)l q + ping (pu)r Gr + Dry
o | (evhia+pmy | (), @+ ey
: (pw), i + pin. ’ (pw), g + pr.
(PE) at + (Vi n) (PE), qr + pr(Vi - )
(P¢)l a (P¢)z qr
pi (S — &+ n)

(pu); (Spr — @ - n) + p*ng
(pv); (Sm — @+ n) + p*ny
(pw), (Su — @ - n) +p'n,
(pE); (Sm — @ -n) +p*Su
(pp)] (Sm — @ - n)

B =FW)) = Fi+ S, (W) = Wi) — (& - n)W

)
o eme = | v
W) —( W, (pw)j (S —2-n) +p'n,

(pE): (SM —T- n) —i—p*SM
(p9); (Sar = &)

Fr=F(W))

T

= F, + Sp (W —

—S1) (@ — Sm) + 1 = pr (@0 — Sr) (@r — Sm) + 1y

[n4,ny,n.]" is the unit normal to the interface

P =p(a
g=(V—1)-nandn =
with V = [, 0, w]”

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)
(5.47)

and ¢ are Roe’s average variables for velocity and speed of sound.

R (ul + uer)
== —-— 5.48
¢ (1+ R,) ( )
. (o + UTRP)

_ U rttp) 5.49
v (1+R,) ( )

N (w; + w, Ry)
_ T ) 5.50
v (1+R,) ( )
#=(-1 {f[— % (a2+@2+w2)] (5.51)

- (H,+ H,.Rp)
_ VT e itp) 5.52
(1+ Ry) ( )

Dr
R,=,/— 5.53
» p (5.53)
prqr (Sr — @) — P (Se — @) +pi — pr

Sy = 5.54
M o B — 1) — (50— ) (5:54)
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The signal velocities for the un-preconditioned system are defined as
Sr, = min [ql—ch (‘Z—Ji) -n—él}

SR:maX |:q7‘+CT7 <‘A/r_x) n+ér:|

The signal velocities for the preconditioned system are defined as

Sp = [qé - Cq
Sr = [q; + C;]
Implicit HLLC Flux
Fl' + 255w, if S >0,

OF
n+1

oW, 1o}
Fr + Seow,, if S <0,

Assuming the conserved variables are independent define a new variable set.

W = [p, pu, pv, pw, pE, pd|" = (w1, 03, T3, 24, 75, T6]

Substituting new variable set into equation for F’

z2

1 1 x2
G = 2l -2l n=— 2| —mi|n
T4 x1 T
1 4
9q; . V.n
0x1 T I
g _ Ma
35(]2 X1
8qi . Ty
axg i
0gi _ 1=
ory 11
x14;

) (E) o+ oW+ oW, i SE <0 < Sy,
HELC Y (B + SEe oWy + 2526w, if Sy, <0< S,

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)

(5.61)

(5.62)
(5.63)
(5.64)

(5.65)

(5.66)
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To _;/.n + 0n$
OF 30"+ O,
a_xl - Ty _xl.n + enz (567)
=¥ <’y§—f — 9) + 0
Tg _g‘n/l.n
Ny
q; + %(2 — )N
oF T3ot — (v — 1)%”3/
or @ z 5.68
019 a7t — (v — 1)ﬁnz ( )
5 _ _ . _ Z2
Vo N On. — iy 1)301
JZGZ—T
Ty
3722—? — (v 1)%’”%
oF @+ 322 —)ny
g | -z, (5:69)
"}/i_?ny - eny %(fy - 1):;_?
ZEG%
n,
Tat= — (7 — 1)%7%
OF z3iE — (v —1)8ny,
ory g+ 322 —y)n. o)
'7;_?”2 - enz - Qz(fy - 1)%
336%
0
(v = Dng
oF (v = Dny
a_% (’y B 1)n2 (5.71)
V4
0
0
0
oF 0
=1 (5.72)
0
qi
where 0 = (y — 1) <%$—1% (732 4 22 + mi)) — (751)V2
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Transforming back and building jacobian matrix

oF
ow

OFy
oW,

_,CE N Ny ny N, 0
—”;”Vznz - U(V : n) q — azung UNy — A2UNy  UN, — AWN; ANy
(’Ygl) V2ny - U(V . n) VNg — A2UNy, q — azvny, UMy — AWy ANy
(7;1)‘/2”2 —w(V -n) wn, — ayun, Wy — AVN, ¢ — A3Wn,  AoN,
(751)‘/2(1 - al(v : n) 1My — QUG  A1Ny — A2Vq  a1N,; — AWq  7Yq

_¢(V : n) ¢nx ¢ny ¢nz 0
Wherealsz—@Vz, as=~v—1,a3=~—2
[ 0o \ T o T .
(#8)" a5+ ()
T T N T
(o50)” 55+ ()" i+ (35 v
AT T AT
(%) (Sar—m)+ (G) (o) + (85) o
(20) " (Sar — i) + (23) " (pw)y + (25) e
( (;Wl)z) (SM—JZ'H)—F <%SI;{/VZI> (pE)l + <8€Vl> SM+ (%STNZI> P
T T
I(pd)f . 9 "
_ (260)" 53— )+ (58 0 _

OF;

oW,

Using the quotient rule and defining Sy, = % therefore

(25)" (Spr—-m) + (232) i '
(%60) " (00— m) + (33) (ol + (28 e
(%02)" (S — - m) + (23) " (o + (2)
(f?g’wr)?)T (Sy—2-n)+ (g*g{,‘f)T (pw); + (ggr)Tnz

(202 (53— -m) + (2) " (0B + (282) s+ (232)

_ (%95)" (S50 — - m) + (220) (o0 |

oB OA
A5 —Bos
A2

OSvu __
ox

—_,SR_ O O O O O

(5.74)

(5.75)

where A = p, (Sg — ;) —p1 (S, — @) and B = p,q, (Sg — @) — pqi (St — @) + 1 — »r

Expressing Sy, in terms of independent variables

ISy
Ipu

{-%2 + g—z - %(—CH — (5L — Ql))}
|

[n2(2q1 — S, — Sur) + (1 — y)ui]

[ny(2q1 — S — Sumr) + (1 = y)u]

(5.76)

(5.77)

(5.78)

(5.79)

34

(©Zenotech Ltd



CHAPTER 5. SOLVER

CFD

OSm

1
A

0Sm 1

d(pE)
95

:Zh_l]

—q? + 90V 4 SyS;

n.(2q, — Sp, — Su) + (1 —v)y,
ny(2q1 — St — Sumr) +

(1-

¥)vi

n.(2q; — S — Su) + (1 — y)w]

8I/Vl N A nz(2ql — SL — SM) + (1 - v)wl
v—1
- O -
[ qf — @Vz — SMSR
ne(—2q, + Sr + Suv) — (1 — y)u,
0Su _ ny(—2¢, + Sr + Su) — (1 —y)v,
oW, n,(—2¢, + Sr + Su) — (1 — y)w,
L=y
i 0
op* OSur
= Pr Sk — r) Atrr
oW, pr (Sr — qr) oW,
op* OSu
oW, =p (S —aq) oW,
F 9T
o 1 —ny N 1 LOSy
W, — Sp—Su |—n-| " Sp— Su" oW,
0
. O -
8p7 o 1 *(%’M
aw, — S, — Sutaw,
[ g — nth_lVQ
St —aq +ngu(v—2)y
Opu)y 1 —wny +na(y = Do |1 0o
oW, S, — Sy —umz—l—nx(’y—l)wl St — Sy x@W;
- 0 -
dopui 1 o0 05y
oW, ~ 5,5 eaw TGy
[ g —n, 0V
—Ung; + ny(7 - 1)ul
a(ﬁ”)? _ 1 Sr—q + ny(7 — 2)1)[ i 1 n op* +
0VV1 SL—SM —vmz—l—ny(v—l)wl SL—SM y@VV;
(L =7)ny
L. O -

(5.80)
(5.81)

(5.82)

(5.83)

(5.84)

(5.85)

(5.86)
(5.87)
(5.88)
(5.89)

pu); am

(5.90)

o) (6590

lam
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oo 1 o, 0
oW, 5,5y \"vaw, T PGy
[ g —n, 9V
—wWin,; + nz( — 1)’&[
8(Pw)7 . 1 —winy + nZ( — 1)’01 1 8]9*
oW~ Si—Su |Si—a+nr—2uw| S = o TP
(1 v)nz
dpw); (’3p* OSM
ow, — Sp— SM w)i oW,
B ((pE)H—pz)ql _q(vzl V2 7
. —n.((pE); +Pl)/Pl + (v = Dwag
OpE); 1 —ny((pE) + )/ + (v — Dug
oWy Sp—=Su |=n(pE) + )/ + (v — Dwig
St —qy
i 0 i
| op* DS
* E *
D(pE): 1 op* DS
— * E *
oW, 5,5y v H R G
[ oq 1
_¢nx
D i 95
oW~ S =S | —on. | TS =5 \PiGm,
0
_SL —q]

0 * 1 oS
o)i _ ((m)fﬁ

oW,  S.— Sy

5.8 Gradients

)

95
l aVVl

)

(5.92)

(5.93)

(5.94)

(5.95)

(5.96)

(5.97)

(5.98)

This is based on the Green Gauss theorem and, hence by assuming ¢ is piecewise constant

over the volume

GVei =Y ¢4,

faces

Z Qs Ay

f aces

Face Gradient

Simplest gradient estimate at the face is an average

v (VW + VIV;)

[\DI»—t

(5.99)

(5.100)

(5.101)
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The average gradient results in odd even de-coupling of the solution, therefore we need a
more accurate estimate. We can replace the normal gradient at the face calculated by the
average with the accurate face normal gradient. Therefore the most accurate approximation
of the gradient normal to a face is

W. —W;
[
where z; is the cell centre of cell ¢
An improved estimate of the gradient at the face is
W. —W;
CL’j — T

where Az = (z; — x;)/||x; — x|

To reduce the stencil size for the viscous flux jacobians used in the implicit scheme we
neglect the face tangential gradient component defining

VWESL . p W= We (5.104)
’ [l — i
VWS ~ W= Wi ny (5.105)
’ [l — il

Where TSL stands for Thin Shear Layer.

5.9 MUSCL Reconstruction

Monotone Upstream-centered Schemes for Conservation Laws (MUSCL) provides Total Vari-
ation Diminishing (TVD) behaviour when reconstructing the states at cell boundaries from
piecewise constant values at the cell enabling the higher spatial accuracy to be achieved. See
iy

Consider the scalar quantity ¢ either side of an interface between cells © and j respectively.

First Order

First order spatial accuracy is achieved by setting the reconstructed states to the cell values.
¢ = ¢ (5.106)

o (5.107)

Higher Order
The upwind biased interpolations for ¢; and ¢; are defined by:

0F = bi+ 7 [(1 = kesi) A7 + (1t kesi) (65— 60)] (5.108)

67 = 05+ 2 [(1— kesj) AT + (L4 kesy) (¢ — 6)] (5.100)
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where the forward and backward difference operators are given by:
A7 =i — i1 =2V ;- lij — (5 — ¢i) = 2V i - 2 (xp — x5) — (@5 — &4) (5.110)

AT =¢j1 — ¢ =2V - Ly — (¢ — ¢i) = 2V ;- 2 (x5 — x5) — (¢ — &1) (5.111)
where [;; = x; —x; = 2 (vy — x;) = 2 (x; — xy) and s; is a gradient or slope limiter

Parameter k. provides control over the family of schemes

Scheme k.
Upwind -1
Semi upwind (Fromm’s scheme) | 0
Third order upwind 1/3
Central difference 1

Van Albada Limiter

This gives improved estimates for s; and s;.

s; = max |0, m;* (05— 0i) + € (5.112)
| (A)) (0 — )" + e
+ Y 2
s; = max |0, 2A§ (65 =90 + ¢ (5.113)
| (A)) (0 — )" + €
ki = 0.001 ky = 1.0e”® (5.115)

Writing a = ¢; — ¢; for the face jump and b for the reconstructed backward difference (A}
above), the Van Albada limiter is the symmetric function

2ab + €2
TﬁvA ((I, b) = max |:0, m} (5116)
and the remaining selectable limiters share the same arguments and the same e.
Van Leer Limiter
4ab + €2 ]
a,b) = max [0, ————— 5.117
pvu(a,b) { (a+b)°+e (5.117)

Slightly more compressive than Van Albada. Like Van Albada its denominator is a sum of
squares and is therefore strictly positive, and its €2 cancels on a linear field so that ¢ = 1
exactly when a = b.
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Symmetric Ratio Limiter

Selected by the configuration value symmetric ratio. This was previously called barth
jespersen, which was a misnomer: the function takes no minimum or maximum over the
neighbours of a cell and is therefore not the Barth—Jespersen limiter. That name now selects
the real limiter, described in the following section.

o = sign (a + b) (5.118)

(5.119)

@DSR (CL, b) = max |:()’ min (1’ 4min (o'a, O’b) + 6)}

la +b] + €

On a linear field @ = b = § this reduces to (40| +¢€) /(20| + €), which exceeds unity at
every magnitude and is clipped to exactly 1, so a linear field is reconstructed unlimited and
the limiter is invariant under ¢ — —¢. The denominator satisfies |a + b| + € > ky > 0 and
so cannot vanish.

2 carries units

Earlier releases regularised this limiter with €? added to 4b, 4a and a+b. Since €
of the variable squared while those terms are linear in the variable, and since the numerator
carries 40 against the denominator’s 20, the regularisation could not cancel on a linear field.
The limiter consequently returned ) < 1 for a smooth decreasing gradient — reaching 1) = 0
at § = —€2/4 — was not invariant under ¢ — —¢, and where ¢ became comparable to the
local slopes it inverted the sign of the denominator and collapsed to first order in smooth

flow.

No Limiter

Setting the limiter to none gives s; = s; = 1, i.e. an unlimited reconstruction. This retains
formal second order everywhere but is not monotonicity preserving.

Cell Based Multidimensional Limiters

The limiters above are one-dimensional functions of two directional differences and do not
bound the reconstructed face value by the range of values over the cell’s neighbours. The
limiters in this section do. For cell i, with .« and uy,;, taken over the face neighbours and
Ay = Vu; - (x; — z;) the unlimited extrapolation to face f,

(Umax — w;) /Ay Ap>0
Yr = (Umin —wi) /Ay Ay <0 o = mfinP(yf) (5.120)

(0. ¢] Af =0
so that y; > 0 always. The limiter scales the gradient term of the reconstruction only;
because the x blend is a convex combination of u; + ¢; Ay and % (u; + u;), both of which lie

inside the neighbourhood bound, the bound survives the blend and the face difference term
needs no limiting.

Barth—Jespersen

Selected by barth jespersen.
P (y) = min (1,y) (5.121)
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Bound preserving by inspection, but only C°: the kink at ¥ = 1 makes the limiter value
flicker between iterations and can stall the residual. As published it carries no smoothness
deactivation, so it limits wherever the bound binds, including in smooth flow.

Michalak—Ollivier-Gooch

Selected by michalak gooch. The unique cubic with P(0) =0, P'(0) = 1, P(y;) = 1 and
P'(y,)=01is P =y +by* + ay® with a = (y; — 2) /y} and b = (3 — 2y;) /yi. At y, = 3/2 the
quadratic coefficient vanishes and

P =V w V<2 (5.122)
1 y>3/2

which is C! and satisfies P (y) < min (1,y), so it is never less monotonicity preserving than
Barth—Jespersen. The price of differentiability is P(1) = 1 —4/27 = 0.852 rather than 1.

Limiting is deactivated in smooth flow by a grid scaled threshold € = (Kh/Ly.;)°, blended
with a C' smoothstep, where h is the cell length scale and K is the configuration value
limiter coefficient. The cube falls faster than the O (h?) reconstruction error, so under
refinement the limiter switches itself off where the flow is smooth and the formal order of the
scheme survives. The reference length is required because the solution is non-dimensional
while the mesh is not.

Venkatakrishnan
Selected by venkatakrishnan.

Y2+ 2y )

Ty L 1o 5.123
y2+y+2 ( )

P (y) = min (1

Smooth, but the unclipped function exceeds unity for y > 2, so the clip is required and
reintroduces a C° kink at y = 2.

5.10 Time Step

Local time step

The local time step is computed for each cell in accordance with

At = min OFL% OFLV]S)\Q (5.124)

where )\ is the integrated convective spectral radius, A, is the corresponding viscous spectral
radius and the parameters CFL and CFLVIS are user input and chosen according to the
stability region of the Runge Kutta scheme used.

The time step for the turbulence equations is determined as follows

At, = At — min (0, min (Kspuree, Wsource) ) (5.125)

Convective spectral radius
A=|V-nltec (5.126)
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Viscous spectral radius

_ 18l 4 9\ (1 |
Ay = £ | max 3 P1"+PTt (5.127)

5.11 Boundary Conditions

Open boundary conditions

The Riemann invariants for the Euler equations are:
W = » (5.128)

Where u,, is the normal velocity and wu, is the tangential velocity given an inwards normal at
the boundary points. The Riemann invariants are defined only locally in time for systems
in general. The idea relies on restricting the variation of the Riemann invariant to zero on a
subsonic out flow for the invariants associated with an ingoing waves. In this case, only the
third Riemann invariant needs to be imposed. All other values are taken as predicted states
computed by the scheme inside the volume.Predicted states are noted with a star and bar
states are averages between predicted states and last time step values. This may be written:

p—= =
Ut _ uf
w2 | T e (5.129)
—un + % uy, + 5

After some algebraic manipulations the method consists in setting:

U = uy (5.130)
1 U * —_— n *
p=p+ (p;—f) (5.132)
wp = + 22 (5.133)
pec

As these conditions are rather crude, the order of the scheme is locally lowered to simulate a
sponge layernear the open boundary by adding more diffusion. In an unstructured context,
structured layers may besimulated by marching from the boundary and marking the edges
that touch the boundary points, andmarking the points neighbors of boundary points. At
each pass, a new layer of edges is added to the markededges. For more information see [16].

Euler Wall and Symmetry Plane

At an Euler wall the normal component of the velocity is zero

V.on=0 (5.134)
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and hence the inviscid wall flux is strongly enforced as

0
pnzA
f=1pn,A (5.135)
pn.A
0

Viscous Wall (Adiabatic and Isothermal)

On a viscous wall the velocity is imposed strongly through a no-slip boundary condition
V=0 (5.136)

see section 5.3 for more details of gradient boundary conditions at the wall.

Mass flow outlet

This boundary condition can be prescribed at a outflow boundary which requires a given
value of mass flow. This boundary condition is in principal identical to the static pressure
inflow boundary condition where the value of static pressure is a function of mass. The
most useful description is the specification of a non-dimensional mass flow function which is

defined as
m~/C,Ti
Wr = v 0 (5.137)
Po
then rearrange to find m, the mass flow rate. Then solve the following implicit equation for
velocity u

m=poull-— 5z U (5.138)
then use this to calculate the value of the Laval number
Naw = LQ (5.139)
C m

the value of A\, is then used to determine the required value of static pressure on the outflow

boundary
7y—1.
static — 1_—/\(w 5.140
Pstat po( 1 l ) ( )

Farfield

Characteristic boundary conditions are used at the farfield. These boundary conditions can
be used for both subsonic and supersonic in and outflow where the characteristics are either
set from free stream quantities for ingoing characteristics or extrapolated from the interior
for outgoing characteristics. Conserved variables are used and stored in the program since
they lead to sparse and computationally less expensive expressions, using a similar procedure
to the open boundary conditions described at the start of this section.

The condition is applied by constructing a boundary state and storing it in the halo cell
adjacent to the boundary face; the boundary flux is then formed from the average of the
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interior and halo states. Throughout this section n is the outward face normal, subscript ¢
denotes the interior state, subscript e the prescribed exterior (free stream) state and subscript
b the boundary state being constructed. The face normal velocities are

Qi:‘/;'n_vface'n QG:‘/e'n_Vface'n (5141>
where Viqcee is the mesh velocity, so that ¢ is measured relative to a moving face.

If the flow is supersonic (|¢;| > ¢;) every characteristic travels the same way and the boundary
state is simply the free stream for inflow or the interior state for outflow. The subsonic case
is described below.

Subsonic farfield

Without preconditioning the Riemann invariants of the one dimensional Euler equations
along n are

2c
v—1
For subsonic flow R leaves the domain and is taken from the interior while R~ enters and
is taken from the exterior, giving

Rf=¢q+

(5.142)

1 c; — C
= (gt q) + G 14
@ 2((1+(1)+7_1 (5.143)

1 1
Cb:1(7_1)(qi_Qe>+§(Ci+C€) (5.144)

The remaining variables are carried on the entropy and shear waves, which travel at ¢, and
are therefore taken from whichever side is upstream of the boundary. Writing u for that
upwind state (u = e when ¢, < 0, u = i otherwise)

Vi=Vu+ (g —aqu)n (5.145)
2 0% ﬁ
(5 ()
ply Y Py Pu
B=—(2) +iv, v+ (5.147)
b—7_1 0], "2 b Vb .

For viscous flow a subsonic outflow is instead treated as a pressure outflow, with the pres-
sure taken from the reference condition and the density and velocity extrapolated from the
interior.

Preconditioned subsonic farfield

When the low Mach number preconditioner of section is active the invariants above are
no longer the characteristic variables of the system being solved, and using them leaves the
farfield responding at the acoustic speed that the preconditioner has deliberately removed
from the interior scheme. The preconditioned characteristics are used instead [19].

The preconditioned normal flux Jacobian has eigenvalues ¢, carrying the entropy and shear
waves as before, and the acoustic pair ¢ + ¢ defined there. Writing

1 U? /
a=g (1——;) c =/ a?q + U? (5.148)
0
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and linearising about the face averaged state py = % (pi + pe)s @0 = % (gi +¢qe), co = % (¢i + ce)
with U, averaged over the two sides, the acoustic characteristic variables are

W* = p+ o (aqo + c’) q (5.149)

carried at ¢ + ¢. Taking W+ from the interior and W~ from the exterior and solving the
resulting 2 x 2 system gives the boundary pressure and normal velocity directly

1 Di —De Qo
= 2 (g + ¢ e L 20— g 5.150
@ 2(q +qe) + e 5 (¢ — ge) ( )
1 aqo poU?
= 353 Wi e 7 e — Vi /7’ i~ (e 5.151
Db 2(p+p)+20 (pe — i) + 5 (¢ — qe) ( )

The velocity and energy then follow as above, with the density obtained from the upwind
entropy using the boundary pressure

2=

Pu

Py = (pzﬁ) (5.152)

Because the relations are linearised, the boundary pressure is limited below by 0.1 p. so that
a large transient cannot drive it to zero or below.

Two properties of these relations are worth noting. Setting U, = ¢y switches the precondi-
tioner off, giving & = 0 and ¢ = ¢y, and the pair reduces to

1 Di — De
=70+ ¢qe)+
( ) 2poco

1 1
5 o = = (pi +pe) + =poco (¢ — qe)

2 2

which is the linearised form of the unpreconditioned invariants and has the same structure
as the open boundary condition given at the start of this section, which is written with an
inward normal and so carries the opposite signs. Secondly

2
r

’ ’ U
g —c >0 <<= qg>0andq (1—-2a)>U? < q3—2>UT2Withq0>O < qp > ¢
&0
since 1 —a > 0, and in the same way ¢ +¢ <0 <= ¢y < —co. The acoustic eigenvalues
therefore change sign at exactly the same places whatever the value of U,., and precondition-

ing does not move the subsonic to supersonic switch.

The practical effect is carried by the acoustic impedance poc . At low Mach number U, — |V/|
and so ¢ — U,, making the boundary pressure response to a normal velocity mismatch
smaller by a factor of order M than the unpreconditioned relations would give, which is
what the preconditioned interior scheme expects.

Total States Inlet

This condition concerns the inflow into the domain of interest. Assuming that at the bound-
ary
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where py is the static pressure at the boundary. Then given the reference static temperature
T,.. and the total to static ratios =22, 22 the total temperature 7, can then be calculated

Tsoo s
using g
T, T, T,

then local boundary face static temperature Ty is calculated using the isentropic relationship

Ty vy—1, 5
— =14+ -—M 5.155
7.t ( )

Outflow pressure

This boundary condition concerns the outflow from a arbitrary cell, with the ratio ps/ps.,
known. Extrapolation of the conserved variables in vector W is then possible, under the
assumption that for all conserved quantities with the exception of pE are the same at the

boundary as in the cell. Then using these pF can be recalculated using material from chapter
3.
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Actuator Disc

Actuator discs are commonly used in aerospace as a pragmatic surrogate for a fully rotating
propellor. The gross effect of the propellor is communicated to the solver via a prescribed
discontinuity in the conserved variables - usually the momentum terms - across the disc.
This method is also becoming popular in wind turbine modelling, especially where large
arrays are to be simulated. zCFD allows a high level of customisation of this functionality,
and users can define axial and radial variation of the forcing function - which can itself be
a function of the flow variables.

Figure 5.1: Actuator disc (light green) and turbine fluid zone (grey shaded volume) within an
unstructured CFD mesh (2D slice through a 3D mesh shown). The effect of the discontinuity
in flow variables across the disc is smoothed (convolved) in 3D using a Gaussian distribution.
The disc is split up into NP angular sectors and NE radial steps. Each region on the disc
is associated to volume mesh elements upstream and downstream of the disc within the fluid
zone. The forcing function at the disc is distributed so that the mesh cells nearest the disc
have the greatest effect, and that the volume integral of the source terms applied is equivalent
to the step change prescribed across the disc.

Note that the disc elements are not present in the original mesh. These are created auto-
matically by the zCFD solver using parameters that can be set by the user in the input file.
It should be noted that the mesh spacing used in the original mesh must be sufficient to
resolve the actuator. Parameters governing the actuator disc model are: the disc centre, the
disc radius, the disc normal vector n? | the number of angular sectors N and the number
of radial segments N£. Assuming that the disc model is supplied with thrust 7'(r,0) and
torque Q(r,8) functions, the convolution function applies a Gaussian distribution in 3D so
that the value of thrust per unit volume at a cell centre z; is given as follows:
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D D
NR N0

T(a;) =Y > dTy dAD 0P n(llz; — zell)/ Wik (5.156)

=0 k=0

where dT}y, is the thrust per unit area and dAJ’-:;g is the area of disc element (j, k) respectively.
The 3D convolution kernel 7 is defined by

n(d) = 1/(*? € exp(—(d/e)?)) (5.157)

The scaling parameter € governs the degree of spreading of the convolution, and can be easily
customised. It does not have to have a constant value and can have a different value for
each segment on the disc. The default value is € = €;;, = 2dr;, where dr; is the change in
radius over radial segment j. The weighted sum W, is determined as a discrete summation,
to ensure exact correspondence between the actuator disc forces and the convolved forces:

NcELLs

Wie =" max(8,n(|lz; — az])Vi (5.158)

1=0

where § is a small number (107!6) to prevent numerical underflow and V; is the volume of
cell 2. This summation includes all cells in the fluid zone corresponding to the actuator disk.

Figure 5.2: The torque distribution on the actuator disc is converted to a force via the torque
vector vg. Note that the disc normal n?, and the normalised disc vector vP /||vP| have unit
length so the torque vector vg also has unit length.

The same procedure is used to distribute the torque Q(z;) but in this case the per unit area
torque is converted to to a per unit volume force in order to modify the momentum terms:

ND ND
Q) =33 Tk s — 2B, (5.150)
@ ||UD|| Q M\IIT3 ik gk :

7=0 k=0 )

Equivalent force
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where the disc vector v? is given by

vP =al —2f (5.160)

where ijk is the centre point of the disc segment (j, k) and x2 is the disc centre. The torque
vector vg is given by

= X 5.161
ve = By < " (5.161)

Turbine Blade Modelling

When a wind turbine is modelled by an actuator disk, certain assumptions are made about
the distribution of elements on the disc. The user can specify the inner radius rP, the
outer radius r5 and the number of angular segments NP into which to divide the disc.
For convenience, and to maintain a uniform aspect ratio for elements on the disc, zCFD
determines the radial extent dr for each element on the disc to match the (approximate)
length scale determined by the angle df at the midpoint of the element r + dr. Ideally we
want dr ~ (r + dr) df, so rearranging gives

rdf

"=

(5.162)

The axial induction factor a = (us — u”)/uP from 1D momentum theory can be related [6]
to the thrust coefficient C7 on any element on the disk by the relation

Cr =4a(1l — a) (5.163)

Note that for more complex models (multiple turbines, wake interactions or complex terrain),
the free-stream velocity u., for any given turbine may not be straightforward to define, and
is an input to the model for each turbine. The velocity u” at the disc does not need to be
defined at this stage, because it is the thrust coefficient C that is usually supplied (as a
function of windspeed) for turbines. Thus we solve for the (mininum) root of the quadratic

(Equation [5.163]) to obtain

g 1zVi=Cr ”;_CT (5.164)

The thrust per unit area on the disc dT' is given as

dT =2pu’ a(l —a) (5.165)

The angular induction factor ay may be determined [6] to be
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ag = —%\/}1 + (a(l — )/ 22 (5.166)

where the local speed ratio A, = (r+dr/2) w/us and w is the angular velocity of the turbine.

The torque per unit area on the disc d( is then

dQ =2ag (1 — a) puew (1 + dr/2)? (5.167)

zCFD can apply user-defined radial and azimuthal distribution functions of thrust and torque
on the disc. By default the distributions are uniform, i.e. dTi? = dTP and in’? =dQP.

Blade Element Theory

Following [5] a blade element model can be used to determine the thrust and torque loading
for each segment on the actuator disc, according to the local flow field providing that the
turbine blade characteristics are known and that the tip speed ratio is provided. zCFD will
automatically determine the optimal blade pitch to maximise torque. The values of dT" and
d@ are instead calculated for each segment as:

dT' = F,cos 0. + Fpsin 6,
dQ) = Fr,sin6,, — Fpcos 0,

(5.168)
where
Ry = Nty = ot (5169)
and
fr= %p U2,cCy, fp= %p U2, cCy (5.170)

where c is the local chord length and the aerofoil section lift and drag coefficients C; and Cy
are provided as functions of the local angle of attack a. zCFD will interpolate values from
lookup tables provided in the fluid zone definition.

The angle of attack « is given by
a=0.—p0 (5.171)

where 6,..; is the angle between the local flow and the actuator disc plane:

U
0,.; = arctan ( ) (5.172)
TWrel

where U is the local flow component normal to the disc and the relative anglular velocity
Wre 1S given by
Wrel = W — Wair (5173)
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where w is the rotation rate of the rotor (as above) and w,;, is the (counter-rotating) local
air, determined from the local flow velocity. Typically wy;, is less than 5% of w and is often
ignored.

The local blade angle § is a combination of the blade pitch and the local blade twist:

B = Bpiten + Bruwist (5.174)

The local twist angle ;s must be provided in the fluid zone as a lookup table, or else is
presumed to be zero. We presume that the turbine will automatically optimise the power
output by adjusting the blade pitch angle Sy, and that this angle is the same for all turbine
blades. Currently we presume that the adjustment to optimal power power production is
instantaneous and as the power production tends to be a monomodal function of B,
zCFD uses a golden section search to find the local optimum over a user-specified range.

The relative velocity U, of the local aerofoil section accounts for the rate of rotation of the
rotor, and is given by

Uper = \/ (rwye))® + U? (5.175)

Betz Limit

It is useful to compare the power production for a given windspeed against the theoretical
optimum for an ideal horizontal axis turbine - known as the Betz Limit:

16 1
Pprrz = 2—7 X §PU§e

A (5.176)
Where U,.s is the reference freestream velocity at hub height. In practise, most turbines
operate signifcantly below the Betz Limit, so a ratio greater than 80% should be regarded
with caution.

Glauert Optimum

A more accurate ideal turbine performance estimate accounts for the wake rotation at a
given tip speed ratio. zCFD will calculate the Glauert Optimum power production as a
reference based on the closed-form solution of [15]:

1
Poraverr = G(y) x éprefA (5.177)
where G(y) is given by
16(1 — 2y) 457 51 5, 1 4 3 log(2y) + (1 —2y) + (1 — 2y)?
Gly) = 1 e S S
W) = iy [ 1s0Y T oan? tieY T2 (1—2y)

(5.178)
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where y = (3by — 1) and by is given as an inverse function of the local inflow ratio A, where
r = R at the tip:

- VIFb(1 — 2b) (5.179)

V3b—1

Since A, at the tip is equal to the tip speed ratio, we pre-compute a lookup table for \,.(b)
over the domain 1/3 < b < 1/2 and determine the value of b = by for any given value of the
tip speed ratio.

The resulting function of Pgraugrr for a given value of tip speed ratio is a smooth curve
that aproaches the Betz Limit as tip speed ratio increases. This closed form solution is
preferable to a number of integrable solutions provided in the literature, as these are often
oscillatory integrands with poor convergence characteristics requiring significant numerical
effort to evaluate.

Rotor Inertia

Acceleration of the rotor is presumed to be instantaneous if there is no value for the moment
of inertia for the rotor. However if a value for the moment of inertia Irporogr is available,
or can be estimated then we can provide a more realistic model for the rate of rotation.
Provided with the aerofoil section upper and lower surface definitions, zCFD will calculate
the rotor inertia as:

r=R

IROTOR = Nblades Pmaterial / TQA(T)dT (5180)
r=0

where the cross-sectional area of the blade is given by the section area A(r). In practise
this is computed in zCFD by numerically integrating the normalised aerofoil section area
and scaling by the local chord. The blade material density paseriar has a default value of
200kg/m? and can be specified in the fluid zone definition.

Tip Loss Correction

There are a number of options for tip loss correction for wind turbines, and zCFD allows for
use of the most common ones. Following the literature, we apply a tip loss correction to the
lift coefficient only, according to the normalised distance to the blade tip:

TLC et/ R) = /1= (/R (5.181)
T L con-gielr/R) = = axceos(exp(~63(1 — (r/F)?))) (5.182)
TLComsenisesu(r/R) = %arccos(exp(—élS(l —(r/R)?) — 0.5)) (5.183)
TLC yu(r/R) =1 — 25— (r/R))" ") (5.184)

(2= (r/R)?)™
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Turbine Controller

A controller function is provided in zCFD to apply simple rules to govern the allowable state
of the turbine. This function is modifiable by the user in zutil and will allow for external
data sources to be integrated - for example to control the aggregate behaviour of many
turbines in a farm.

The controller will automatically stop the rotor from turning if the rated power is exceeded
or if the windspeed is not in the range between the cut-in and cut-out values. If the rated
tip-speed is not yet met, the rotor will be accelerated by setting the blade pitch to produce
optimal instanous power (using a 50% fraction of the available torque) and the remaining
torque will be supplied to the turbine generator. If the rated tip speed is met, then the rotor
blades will set to recover optimal power until the rated power is met. When the rotor is at
maximum power and maximum tip speed, the blades are feathered to maintain the rated
power. A user-specified frictional loss is applied.

The controller will identify whether a critical damage turbulence intensity (default 15%) and
wind speed (default 10m/s) are exceeded at any point on the rotor disc and if so the rotor
is automatically slowed down and stowed.

The turbine may be set to rotate clockwise (as most modern turbines do) or anti-clockwise
when viewed from the front, and in each case the rotational force applied to the air is adjusted
accordingly. zCFD also calculates the average onset air angular induction as a fraction of
the rate of rotor rotation, and this is reported in the result file. Typical values lie in the
range (-2%, -5%).
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Aircraft Propellors

The mechanics of a propellor when used to provide thrust to an aircraft are similar to
those of a wind turbine, but differ in some conventions. As aircraft propellors are driven
by motors, we neglect inertial effects from the mass of the propellor itself. zCFD provides

a blade element model specifically for use with propellors for aerodynamic thrust. Usage is
described in the zCFD User Guide.

An aircraft propellor zone is fully specified in zCFD using the number of blades, number of
segments, status (on or off), omega (which is assumed to be constant), blade chord, blade
twist, rotation direction, update frequency, aerofoil cl, aerofoil cd, outer radius, inner radius,
tip loss correction (True or False), def and model parameters as above.

Note that the propellor blades are oriented so that lift primarily produces thrust, rather
than torque (as for a wind turbine) so the convention for the relative orientation of the
blade chord to the local wind velocity 6, is rotated by 90 degrees. zCFD automtically
applied this rotation for propellors.

Tip Loss Correction

The correction for tip losses for aircraft propellors are typically elliptic and depend only
on the distance (as a proportion of the rotor outer radius) from the hub at which to apply
the loss. If tip loss corrections are used (by specifying a value for *tip loss correction™, for
example *elliptic*), a single number between 0 and 1 defines the *tip loss correction radius*.
By default this is 0.8.
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Chapter 6

PISO

PISO (Pressure-Implicit with Splitting Operators) algorithm.

6.1 Predictor Step

Continuity for incompressible flows

V-pV =0 (6.1)
Momentum equation
0
E(pV)—l—V-(pVW/):—V~p+V‘,uVV (6.2)
Discretise and approximate implicit non linear flux term
0 0 nb nb nb
YN TACivTad i D pVEVESp =Y NV Sp= =) ppSy + Qs (6.3)
f ! f
Let pVy = fipVi + fipV;
Define
VVi- Sy =A(VV); +k(VV); (6.4)
Where A is the orthogonal contribution and k is the non-orthogonal correction
vr—vr .
Vi Sy = |A|]\CZT+k<VV ) (6.5)
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With the two vectors A and k satisfying

S=A+k (6.6)

Choose A = 3”

Idss ]

S| known as the Orthogonal correction approach (See for further infor-

mation
VVi - Sy = ’A||d—~| + k(g VV" + (1 — g7)VV]™) (6.7)
ij
Expanding
TN NTAL +2fj<fz-pvi + fipVViSy
S Vit vt m m
- ZMUNW +k(grVV" + (1 = gp)VV]™)) = (6.8)
f “

nb
— ) PS4 a8y
f

Re-arranging

B 0 nb nb " ‘A|
— vm.s = v
At+zf:f d f+zf:p!dij\ preT
[ nb nb " | |
DUHVSy =Y S| oV (6.9)
W = P |dij|
0 nb nb [
NIl ;p?Sf +087" + ; SRV + (1= g VYT
nb
ApV* + H' pV' =R = p}'S; (6.10)
f
nb
ApV* + H pV* =R = p}'Sy (6.11)
f

Add implicit under-relaxation term.

thttp://powerlab.fsb.hr/ped/kturbo/OpenFOAM /docs/HrvojeJasakPhD.pdf
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“Apvm (6.12)

A ’
LoV H v =
PV H VT = R § v} ms, 42

Solve for pV* using a linear solver. The final predicted velocity V* is a relaxed combination
of V and computed V*

6.2 Corrector Step

Define explicit equation for corrected velocity V** using predicted velocity V*

ApV*™* + H pV* =R -V -p* (6.13)

With vector H = R — H pV*

pV* = ATTH — A7V - p* (6.14)

Taking the divergence and recalling that the continuity equation defines VpV =0

V2(A~p) = V(A" H) (6.15)

Integrate over a cell applying divergence theorem

nb nb
D (ATVP)[S = (AT H)|.S, (6.16)
f !
Define Vp |f Sf pl Sf|
nb g p nb
> oA Sf ]d !Sf\ => (AT'H)|;.5; (6.17)
Er T :
nb Ail nb A-1 nb .
Z Tl | Pl o5 — Zm-sf p; =Y (AT H)|;.Sp + ¢ (6.18)
ForY f

Note the RHS needs and additional correction term to account for the mass flux through a
face. (See )

6" = (pVy-Sy = (pV.5y)) (6.19)

Zhttps://github.com/OpenFOAM/OpenFOAM-2.2.x /blob/master /applications/solvers/incompressible /pisoFoam
line 90
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Note this is set to zero at the boundary. (See [f|[]for Kc

: ] ]
K.=1—min|——F"— 1 6.20
vaf-sﬂ +e (6:20)
A—l
(bc - ¢dKCE (621)

The boundary value of the RHS term also need to be scaled to so that the total mass flow if
zero. (See https://github.com/OpenFOAM/OpenFOAM-2.2.x/blob/master /src/finiteVolume/cfdTools/gene

Solve for corrected pressure p* then compute corrected velocity u**. Note the corrected
pressure is not relaxed.

nb
PV =ATH — A7) " piSy (6.22)
f

Update mass flow through face to be used in the correction of the RHS of the pressure
equation.

Compute the face mass flux using Rhie-Chow interpolation

pVy = pVi 4+ (A (Vb — Vpy) (6.23)

Further correction steps can be applied using same A and H hence the name Split Operators.

3https://github.com/OpenFOAM/OpenFOAM-2.2.x/blob/master /src/finite Volume/finite Volume /ddtSchemes/EulerDdtSc
line 392
4https://github.com/OpenFOAM/OpenFOAM-2.2.x /blob/master /src/finiteVolume/finite Volume /ddtSchemes /ddtScheme,
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Chapter 7
SIMPLE

SIMPLE algorithm for steady state incompressible flows.

7.1 Predictor Step

Continuity for incompressible flows

V.pV =0 (7.1)
Momentum equation with implicit flux terms
V-(pV-V)==V-p+V. -uVV (7.2)
Discretise and approximate non linear flux term assuming interpolation to the face
nb nb nb
S pVEVESy =) vV Sy ==Y ppS, + Qs (7.3)
f ! f
Let pVy = fipVi + fipV;
Define
van . Sf = A(VV)f + k(VV)f (74)
Where A is the orthogonal contribution and k is the non-orthogonal correction
vr—vr
VVi- Sy = |A|W + k(VV™); (7.5)
]
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With the two vectors A and k satisfying

S=A+k (7.6)

Choose A = ﬁ—ZMS | known as the Orthogonal correction approach (See for further infor-
mation

n

VVi - 5p = |A|J\dT + k(g VV™ + (1 = gr)VV™) (7.7)
Inserting
nb v n nb
S (FpVi+ fipV VS~ Z“ yA\Ww(gfvmma—gf)vvjm) =5 Zpg?sfms
f "
(7.8)
Re-arranging
nb nb
. A A
Zfivf 'Sf_ZM”d || Zf;Vf Sf+zﬂ||d ||
!
. - , (7.9)
=D Sy QST Y k(g YV 4 (1= gp) YV
7 ;P
ApV'+ H pV' = R— Y "p}'Sy (7.10)
ApV* + H pV* =R - p}'S; (7.11)
f
Add implicit relaxation term
A nb
A * H’ * m Oy m '
%pv +HpV*=R— pr Sf+ ApV (7.12)

Solve for V* using a linear solver

thttp://powerlab.fsb.hr/ped/kturbo/OpenFOAM /docs/HrvojeJasakPhD.pdf
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7.2 Corrector Step

Define explicit equation for corrected velocity V** using predicted velocity V*
ApV*™* + H' pV* = R — Vp* (7.13)
With vector H = R — H pV'*
pV* = AT H — A7'Vp* (7.14)

Taking the divergence and recalling that the continuity equation defines V - pV =0

V(A 'p*) = V.(A™'H) (7.15)

Integrate over a cell applying divergence theorem

nb nb
D (A8 =Y (ATH)IS; (7.16)
f f
Define Vp*|; = p@zr
nb p* _ p* nb
Y AT gt Sy =Y (ATH)| .S (7.17)
7 |dij | -
nb Ail nb Ail nb X
Zm‘sf pj — ZW'Sf pi =Y (AT H)|;.5; (7.18)
f v f 1] 7

The A™'H term on the RHS needs to be interpolated to faces
Note boundary values of RHS need to be scaled so that total mass flow is zero

Solve for corrected pressure p* then compute corrected velocity V**

nb
PV =ATH - AT phS, (7.19)
f

Compute the face mass flux using Rhie-Chow interpolation

pVi = pVi 4+ (A™Y[;(Vps — Vpy) (7.20)
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Repeat starting from predictor step using pV™*, p* and pV;™*.5y
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Chapter 8

Rhie-Chow Interpolation

The development of the Rhie-Chow interpolation procedure for the calculation of the velocity
components at a control-volume face enabled the formulation of the SIMPLE algorithm on
collocated grids. In this procedure the interface velocity vector is obtained by constructing
a pseudo-momentum equation at the control-volume face from the momentum equations of
cells i and j straddling the interface. These equations are given by

pVi=ATTH — A7V - p,; (8.1)

pVi=A"'H — A QVp; (8.2)

The pseudo-momentum equation for V; should be similar and can be written as

pVy = (A" H)|p — (A7) Vpy (8.3)

Assuming linear interpolation to the face let

(A7) = gp (A7) + (1 — g7) (A7), (8.4)

and

(AT H)|p = gp (A7 H)i + (1 = gg) (A H); (8.5)

Expanding the A~'H term
(AT H)|y = g5 (pVi + A7'QVp;) + (1 = g5)(pV + AT Vpy) (8.6)

(ATHH)|f = pVy + (A71Q) |V, (8.7)
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where ,o_Vf is the face interpolated velocity and Vpy is the face interpolated cell pressure
gradient

Substituting (A~'H)|; in the equation for pV}

pVi = pVy + (A7'Q)[,Vpr — (A7 Q)| Vi, (8.8)

pVi = pVi + (A7'Q)|;(Vpy — Vi) (8.9)
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Chapter 9

Coupled Incompressible

Coupled algorithm for steady state incompressible flows.

Continuity for incompressible flows

V.pV =0 (9.1)
Momemtum equation with implicit flux terms
V-(pV-V)==V-p+ V- -uVV +pFe (9.2)
Discretise and approximate non linear flux term assuming interpolation to the face
nb nb nb
S pVEVESp =Y uVVE - Sp+ Y pSy = QS (9.3)
! f !
Let pVy = fipVi + fipV;
Let py = gspi + (1 — g5)p;
The discretised continuity equation at a face is
Z pr.Sf =0 (94)
Using Rhie-Chow interpolation
> (pVi + (AN 1(Vps = Vpy)).S; =0 (9.5)
Expanding
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D PViSy =Y (AT VppSy ==Y (A7) Vy.5;

Recall that

oVi = gipVi+ (1 — g5)pV;

Vs = g5Vpi + (1 — g7)Vp;

Incompressible internal energy equation

V-(pe-V)==V-kNT+V-(V.-uVV)

Discretise

nb nb nb
> pep Vit Sy =Y pVirVVE S+ Y kVT™.Sp =0
f f f

nb nb nb
k
nVnSy — vrvve . s —kVpe".Sr =0
;Pef Foof ;” F VY f+;pcp pe".Sy

(9.6)

(9.9)

(9.10)

(9.11)
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Right hand side

QS + 37 Lha(g,VV™ + (1= gp)VV™)
QS™ + Z"b “k J(gr V™ + (1= gp)VVI™)
Q5™ + Zjﬁb i (gr VI 4 (1 — g;d)VVI™) (9.14)
—> (A )|f(gfva (1—gy)VpP).Sy
| LV Sek(g VY 4 (1= g) VY™ = 37 k(g YV + (1= gg)VV™)]

Solve using a linear solver.
Update pV; using Rhie-Chow interpolation.

Solve other scalar equations then repeat until convergence
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Chapter 10

Turbulence Modelling

The Favre-averaged or Reynolds Averaged Navier Stokes (RANS) equations result in four
terms that need to be modelled. These are a Reynolds stress term in the momentum equation
and turbulent heat flux, molecular diffusion and turbulent transport in the energy equation.

The Reynolds Stress term is usually represented by the Boussinesq approximation

1 auk

2

3

with 7{; representing Turbulent stress and the strain rate tensor Sj; defined as before. The
turbulent heat flux is modelled using the Reynolds analogy and Fourier’s law

T~ -2 10.2
Cppuj Pry Oz, (10.2)

where Pry is a turbulent Prandtl number (e.g. 0.9 for air).

The terms associated with molecular diffusion and turbulent transport in the energy equation
are lumped together.

1" 1 1" 4 17 ak
Tijlh = 5Pt Uty ~ (1 + okpe) G (10.3)

J

where o}, is coefficient associated with the modelling equation for k.

These terms are added to the equations previously described and the turbulence model is
then used to calculate the eddy viscosity p; and the turbulent kinetic energy k.

10.1 Menter SST-2003Vsust Two Equation Model

A detailed description of the Standard Menter Shear Stress Transport (SST) two equation
turbulence model can be found in [I2]. A variation of this model that was published in 2003
(SST-2003) has several minor variations of the original SST version. See [11]. The Menter
SST Model with Vorticity Source Term (SST-V) makes use of the vorticity magnitude in the
production term (see [13]) and the SST Model with Controlled Decay (SST-sust) eliminates
the non-physical decay of turbulence in the freestream for external aerodynamic problems
through addition of sustaining terms to the equations. See [17]. The current implementation
combines all three updates to the Standard model.
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Turbulent kinetic energy equation

Opk) | O(upk)  O(vpk) 0w pk)

or B By g, Im— Ok

o | Ok |

T oy (1 + onpue) oz

2 _(u + Okfir) Ok ] (10.4)
dy dy :

v 2 [r o 2
0z 0z |

+ B pwambkamb

+ Py

9(pk)

57 +V - (V-pk)= P, — " pwk +V - [(1t + oxtte) VE|] + 5% pwampkams + Pp ~ (10.5)

Equation that defines the turn over time of turbulent eddies w

INpw)  O(upw)  Opw)  O(wpw) Ym 2
or + ox + dy + 0z _TtP ~ P
o[ Ow ]|
+ I (1 + oupir) o
o[ Ow |
+8_y (M+0wﬂt)8—y_
0 ow
+ & (FL + o-wpdt) Oz

PO [ Ok Ow 8k Ow 0k ow
2(1—F) s
+ 1) (ax ox ay dy + 0z 0z
+ Bpwamb
+Imp,
Vi
(10.6)
0 m
(apw) + V- (V- pk) _Imp Bpw® + V- [(1 + opy) V]
T o’ - y (10.7)
+2(1 — F) =2 (VE - Vw) + Bpw?, , + TmP‘”b
t
Turbulent production term
2 ou;
Poy = naS2 = Zpkdiy ot “
Ox;
Buoyancy production terms
pe | Op 28
Py g |20 P 10.8
o g {&vi (v - 1)T} 108

Turbulence Schmidt Number o, = 1.0
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Dissipation coefficient C3 = 1

Turbulent viscosity

T:min{

Vorticity magnitude

RANS length scale

wa = C3 max (0, Pkp)

pe = pkT

aq 0.6
max (a1w, 0, F2) " /30Q,

O, = \/2W, W,
1 8uz an

Vi
/6*

Lrans =

PN

w

(10.9)

(10.10)

(10.11)

(10.12)

(10.13)

(10.14)

The turbulent kinetic energy dissipation term can be expressed as a function of the length

scale

VEB*

*wok = pk
G P Lrans

(10.15)

For eddy resolving techniques like DES, DDES and LES the lengthscale can be set according
to the appropriate filter function Blending function

¢=Fi¢1+ (1 = F1) g9 (10.16)
Ym = Fiy1 + (1 = F1) 7 (10.17)
Bm = F1p1 + (1 = F1) B2 (10.18)
Fy = max (Fj, tanh (argy)) (10.19)
: VE 5000\  4pook
arg; = min [max (B*wd’ o | CD & (10.20)
1 0k Ow
C Dy = 20002~ 7 —=—,107% 10.21
ke max<p02w8j8:cj’ > (10.21)
F, = tanh (arg3) (10.22)
VEk 5000
args = max (2@, % (1023)
RS
Fy = | 54 10.24
: exp( (120)> (1024)
dk!/?
R,="~ (10.25)
i
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Production limiter

P,,.. =min (P, 108" pwk) (10.26)
Boundary conditions
6v
wall = 10— 10.27
o = 1050 (10.27)
kwar =0 (10.28)
U
Wtarfield = Wamb = T (1029)
k p
Wearfield = Wamb = — 10.30
Jar field b= (10.30)
Note
k
e _ iﬁ*iLRANs (10.31)
W v
With Uy the speed at infinity.
kfarfield = kamb = 10_6U020 (1032)
3 2
kfarfield = kamb = 5 (Uoo[) (1033)
Where I is the turbulence intensity
Constants
51 Owl/€2
M=o (10.34)
g VB
B2 Ouok?
CANVEA
or1 = 0.85 02 = 1.0 (10.36)
0,1 = 0.5 0, = 0.856 (10.37)
£1 = 0.075 B, = 0.0828 (10.38)
5% =0.09 (10.39)
k= 0.41 (10.40)
a; = 0.31 (10.41)

The RANS conserved variables are
W = [p, pu, pv, pw, pE, pk, pw, pg] "

corresponding to primitive variables

Q: [p7u7v7w7T7k7w7¢]T'
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The advective flux terms are given by

GRANS —

FRANS —

o O OO
o O OO
o O OO

0 0 0
puk pvk  pwk
PUW  PUW  PWW
0 0 0
The diffusive flux terms are given by
0 0
, =,
t t
Tl’y Tyy
. i
Tapl + TLU + szlgk—l— koL Tayt+ Th v+ szlgk—i- kt%
(1 + o) 5 (b + o) 5,
(1 + 0wp) 52 (u+awut)§—°;
0 0
The source flux terms are given by
0
0
0
0
RANS __
5 a 0

10.2 Hybrid RANS LES

Pm - B*IOWIC + 6*pwambkamb
Py — Bpw? +2 (1 — F1) 22 (Vk - Vw) + Bpw?

0

0

t

sz

t
Tyz
t

TZZ

Tt ou+ T;ZU + 7t w + kt‘g—f
Ok
(1 + orpir) 57

(,U + Uw,ut) ?9_‘:
0

amb

Hybrid RANS LES combines elements of both Reynolds-Averaged Navier-Stokes (RANS)
and Large Eddy Simulation (LES). The key idea is to use RANS in regions where the
turbulent length scales are smaller than a specified cutoff length, and LES in regions where
the turbulent length scales are larger.

Detached Eddy Simulation DES

In DES, the determination of the cutoff lengthscale is critical. One common approach is to
use a blending function to smoothly transition between RANS and LES modes based on the
grid resolution. The lengthscale can be defined as:

Lpgs = min (Lzgs, Lrans) (10.42)
Ligs = CprsA
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Delayed Detached Eddy Simulation DDES

Delayed Detached Eddy Simulation (DDES) is an extension of Detached Eddy Simulation
(DES) that introduces a delay in the transition from RANS to LES modes. The lengthscale
equation for DDES is typically expressed as follows:

Lppes = Lrans — famax (0, Lrans — Lrgs)
Ligs = CprsA

fa=1—tanh [(C’dlrd)c‘”]

v+ v
k2d2 /0.5 (S2 + Q2)
Car = 20
Cap =3

Tq =

The DDES approach aims to delay the transition from RANS to LES in regions where the
grid is still too coarse to resolve the smallest turbulent structures. It provides a more gradual
transition compared to standard DES, making it potentially more suitable for practical
engineering simulations.

Improved Delayed Detached Eddy Simulation IDDES
Lippes = faLrans + (1 - fd) Ligs

fa=max{(1 = fu), fy}
fdt =1 — tanh [(Odﬂ’f‘dt)cdtg]

Ve
k2d2,/0.5 (S + Q?)
fo = min{2exp (—9a?) , 1.0}

a=0.25—dy/A

Ca1 =20

Caa =3

Tat =

10.3 Diffusive Jacobian

To reduce the stencil size we make use of a thin shear layer gradient approximation at
the face, therefore the combined viscous and reynolds stress terms can be represented as

ou 1 (/0u Ov OJOw 2
g (i 110) (895 3(8$+8y+8z)) 3'0 ( )
duj — u, 2v; — v 2w; — w; 2
_ 2 ing, — 20 TN, EW T WAL ) 2 10.44
(et ) (3 by T3, ST 4 x) 3° (10-44)
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ov 1 /0u Ov Ow 2
=2 —_ = =4+ — 4+ — — —ok 10.45
2u; — uy; 4v; — v, 2w; — w; 2
= (1 + pt) (—— Az, + -L—Az, — = Zsz) — —pk (10.46)
Y\3 dy 3 d; Y 3 d 3

ow 1 (/0u Ov OJw 2
=2 (=) ) - Sk 10.47
§ (M+Mt)(8z 3<8x+8y+82)) 3" ( )
2uj—u,» 21)]'—1}1' 4’[1)]'—11)1‘ 2
— _z .o Az, + = Az, ) — Zok 10.48
(’“‘“‘t)( 374, T34, ShT3Tg, x) 37 (1048)

1 /0u Ov Ui — Uy Vi — U;
Toy = 2(p+ ) (5 (a—y + g)) = (p+ ) ( jd Az, + Jd A$I) (10.49)

1] ¥

1 /0u Ow Uj — U; w; — w;
_ 1(ou _ 10.
Toe = 2(p0 + pie) <2 (8,2 + 895)) (1 + 1) ( i Az, + i A:cm) (10.50)

1 /0v Ow Vi — U; w; — W;
Ty = 2(p + put) (5 (@ + 8_y)) = (p+ pe) ( Jd Az, + ]dfﬁwy) (10.51)
i i

Assuming

T = (10.52)

£
Cy

The total heat flux can be expressed by using equations from Chapter 3 in a form more
suitable for subsequent manipulation

_G <£ n ﬂ) 9 (PE _ V_2> (10.53)
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The jacobian of the combined diffusive flux matrix is

0
40ulp 20v/p

20w/p

_(M+M){<§ dr 3 0y 3 0z )nx

u/p  Ov/p
+( oy + D7 Ny

Oufp , dw/p
0z ox

z

o

—(i+ ) Kag;p + ag;p) N

L (40v/p _20u/p _20w/p
3 Oy 3 Oz 3 09z )
du/p Ow/p

—i—( By + Y n,

— (1 + ) K@gip + 81(;}_4/)) Ny

+ (8U/p+8w_//)) n,

0z oy
N (éaw/p _ 20u/p Zav/p) o ]
3 0z 3 Ox 3 Oy ‘
mis

—(p + oxpe) Fk/p + 8k/pny + 8k/" }J

(:U’ + Uwﬂt)

Gl 4 %l | aw_/pn

(10.54)
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B 40ulp 20v/p 20w/p
mis = =+ ) {u(?) dr 3 9y 3 0=
du/p 9v/p
+v< ay + Iz
u/p Ow/p
—i—w( 0z * Oz M
1 f
_ p(urm + UTyy + Wy )Ny — 7Y (ﬁ
0 0
() [u( g/ﬂ v/p)
Z_L’U/p 20u/p  20w/p
3 Oy 3 Ox 3 0z
()
1 %
—E(uTxy+vay+wTyz)n 7\ 5

el ()

(5 %)
40w/p 26u/p
i (3 0z 3 Oz

200y
3 Oy =

Mt
P Tt

)

9
dy

)

1 H Ht 0
_ ;(Usz + UTyz + szz)nz -7 (ﬁ + P_Tt> & n,
0
(1 + 10 [g Aoy, 4 %ny + 8;—/pnz}
I I
n o1 o1
o) ot ) B, 32, (1055)
mas
0
0
0
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mas = (1 + pie) {U (—
01/p 201/p
+U( ay Ny 3 o7 n,

+ (81—/pn _g@l_/pm)]

g

dz ° 3 Ox

+ —(TuaNy + TayNy + To2nz)

Ao H ) 9 fuy
Pr Pr,)ox\p) "
H Hot J (u
7<Pr+Prt>8y( )ny
() 9 (u
i <Pr + Prt> 0z (p> Mt

~2 =

0
(b + o) [81/”% 3‘%”%]

401/p 01/p d1/p
3 Ox et dy o+ 0z "

o 1o}
- (1 + pue) [ 5on, — %é—f”]

ooo§
ot

01 231
mas = (1 + pir) {U( /p /p )

o1 491 1
( /p 3/pny aaép”

o (8- 38

+ = (TayNa + Tyyny + TyZ”Z)

) 0 (1),
PTPTt p) "
L) (Y,
7PrPrt py
s en
PrPrt p) °

~2 D=

(1 + pue) [al/pnaz + 8%Ln, + ZL2 ]

(10.56)
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0
(1 + ) | %t — 3%,
o (1 + ) %z_g(l)é y
a(p@T; = | (b + ) [al/p + %y + 3 %0, (10.57)
Mys
0
0
0
o1 201/p
Mas = (p + 1) [U( or ¥ 3 9, nm)
olfp ~ 201)/p
—N, — n
oy 3 0z Y
31/p 81/p 431/p
+w( O oy T3 3 0z
1
+ ; (Taza + Tyany + To2nz)
— ﬁ e E n
PT’ PTt ’
. ﬂ
PT’ PTt @y
() O (e
Pr Pr, ) 0z -
0
0
0
oG - n 0
_ 10.58
9GE) |7 (#+ #e) (o + Gifny + e, o
0
0
0
0
~2p,
_gny
oG - n “3lt
o ] (10.59)
(1 + owpe) [ g+ Spifmy + G ]
0
0
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0
0
0
0G -n 0
— 10.60
I (pw) 8 (10.60)
(,u + Uw,ut) [8(;;/3”33 + 851)—?§pny + Bééﬁnz
0
B 10.61
d(po) ( )

o))

Q

3
cCoocooco oo

10.4 Source Term Jacobian

It is common practice in turbulence modelling to ensure that the source term Jacobian is
positive thereby avoiding the use of a limiter (Spalart Allmaras, 1992). Since the source
term is subtracted from the residual, only negative terms are kept.

0
0
0
aSRANS 0
— 10.62
d (pk) 0 (10.62)
—B*w
0
0
0
0
0
85RANS 0
) = 0 (10.63)
—B*k
—2Bw + min (=2 (1 — Fy) 22 (Vk - Vw),0)
0

This treatment has a serious deficiency, it may be the case that the production and destruc-
tion Jacobians are both very large, but almost cancel each other out. But from (5.52) a
large contribution will be made to the Jacobian, which may be interpreted as a reduction
of the time step. In such a situation very poor convergence will occur. However in this case
stability considerations outweigh efficiency considerations.
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10.5 Wall Function

For a quasi-equilibrium boundary layer, the region between the wall and the outer edge of
the logarithmic layer is universal. Near the wall derivatives in the streamwise direction can
be neglected and the flow and turbulence variables depend only on the y direction, normal
to the wall.

w U T T d k
Uy = T_’ U+ = —, y+ — yu , ]/j = V—7 p+ = v —p k’+ = —2, W+ = w_;/ (1064)
V » v u?

For reference

u = utCY WV u, (10.65)

y =y OV V[ u, (10.66)

Over a flat plate at zero pressure gradient the RANS equations simplify in the region near
the wall to the equilibrium stress balance model leading to universal near-wall solutions

d dU
p ((M‘l‘ i) d_y) =f (10.67)

where f = 0 for equilibrium stress balance model and f = 1/pdp/dx otherwise. Integration
along the wall normal coordinate for f = 0.

d
(ot 1) G = i = (10.68)
Non-dimensionalise
4y dut
(1+4") - 1 (10.69)
dy™

Reynolds number obtained from the first cell

Re, = ylyul =y uf (10.71)

Incompressible adiabatic law of the wall valid for logarithmic region valid for 0 < y™ < 1000

1 .
U=u, [— log (“22) + B] (10.72)
K 1%
Non-dimensionalise )
ut==log (y") + B (10.73)
K

where B = 5.3271 for hydraulically smooth walls
The velocity in the sublayer 0 < y™ < 10 is given by

ut =yt (10.74)
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Boundary Layer Profile
The boundary layer profile equation proposed by Spalding

1\2 +\3
yT=ut e B (e”w+ —1—rut — (m; S _ (mg ) > (10.75)
dy+ _ —kB kut + (KU+)2
du—+—1—/<;e (e —1—ku -y (10.76)

Compressibility and heat transfer effects can be included by replacing the incompressible
adiabatic law of the wall term e *Be"" in Spalding’s equations with the outer velocity form

the White and Christoph.

1 T +
ut = T B+ @ sin (gb + \/T_ln <z—+>>] (10.77)
where )

= 22“7: (10.78)

pLw

Gt
f= T*}i - (10.79)
p = sin”! (_65) (10.80)
Q = (8> +41)"? (10.81)
yr =e="F (10.82)
r= Pri/3 (10.83)

The nondimensional parameter I' models the compressibility effects and parameter 5 models
the heat transfer effects. The outer velocity form of the White and Christoph reduces to the
standard law of the wall for incompressible adiabatic flow can be then be written as

+\2 +\3
where
5 fgin=1((2Dut =B ) _
Yuhite = oo (572) 7] oo (10.85)

The temperature distribution within the boundary layer is given by the Crocco-Busemann
equation

T=T,(1+pu" ~T (u*)’) (10.86)

For adiabatic wall cases = 0 and the Crocco-Busemann equation reduces to

T="T, (1 + @zﬁ) (10.87)
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Boundary Conditions

Omega at the wall

6
w;’—is = 2
B (yﬂ
1

wt =\ (wh) + (wity)’

Turbulent kinetic energy k at the wall

dy™
Et=viwt = (du_Jr_l)er

See [9] for more details

Gradient Boundary Conditions

(10.88)

(10.89)

(10.90)

(10.91)

The gradient at the wall calculated using the material in section 4.7 will return the incorrect
shear stress for wall functions due to V' = 0 at the surface. Therefore the gradient in the
interior and halo cell adjacent to the wall are modified to return the correct shear stress.
Construct ‘é—g in the halo cell to return the correct wall stress assuming constant shear

au  opu2 T,

- - = 10.92
dy  (p+p)  (p+ ) (10:92)
d d d
()72 (). (@) o3
dy halo dy wall dy interior
Assuming V = 0 at the surface
aUu
<_) = (VV : n) : ‘/t(mgent (1094)
dy local
The gradients are reflected therefore
d d
<_U> - (_U) (10.95)
dy halolocal dy local
dU dU
v‘/halo - _v‘/;ntem'm" + (n ((_) - (_) >> ‘/tcmgent (1096>
dy halo dy halolocal
dUu au
interior — interior N I angen 10.
v ' v ' " (n (( dy )z’ntem’or ( dy >local)) ‘/t gent ( ’ 97)
Roughness
Roughness £, is the equivalent sand grain roughness height and p,. is the associated dynamic
viscosity.
kr T
g =t (10.98)
v
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Law of the wall recast in roughness variables

See [4] for details

(10.99)

(10.100)

(10.101)

The Richard and Hoxey Law assumes that the y = 0 is at the top of the roughness objects
at roughness length dy. This enables the specification of a roughness value that is greater

than the first cell height with the assumption of fully rough conditions & > 90.0

1 d
u+:—log(y+ 0)
K do

Recast into the same form as the equation above

1 1
ut = - log (y + do) — - log (do)

Roughness length dy = ke~ 5% with B = 8.5 for fully rough conditions.

1 1
ut = - log (y + do) — p, log (k:re_B“)
+ 1 —Bk 1
ut = =log (y + ke "*) — =log (k,) + B
K K

ut = %log (y/kr +e ")+ B

Comparing to the law of the wall recast in roughness variables above

B:Br—i-%log(kj)

(10.102)

(10.103)

(10.104)

(10.105)

(10.106)

(10.107)

This is the height where the velocity according to the log law falls to zero. This is approxi-

mately equal to 0.1 times the height of the roughness elements.

If the height of the first cell is much greater than the roughness value then dy can be
replaced with the displacement height d; that represents the offset to allow for the upward
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displacement of the flow by the surface objects. For atmospheric flows the displacement

height is around two-thirds of the canopy height.

1 1
ut = Elog (y —dy) — Elog (k) + B (10.108)
Boundary conditions from [4]
02 -
ky = ——min [ 1, 10.109
Neh min ( 90) ( )
P — (10.110)
\V Culid0¢r2
Y\ 5 L+ i L\ i
¢ro = min |min |1, (%) min |1, (ﬁ) min |1, (6_6) (10.111)
From [3]
B, =B k<225 (10.112)
1
B, =¢ (8.5 — “logkl — B) +B 2.25 <kt < 90 (10.113)
K
1
B, =85— —logk k> 90.0 (10.114)
K
. 5 log 2].€2T+25
where 6 = Sln (%)
Temperature Wall Function
Ty, —T)pChu,
7+ = ) pCyu (10.115)
q
T, T Lk
= ) GGl VR (10.116)
q
Assuming Fourier’s Law
Cpp OT
_—prZ7 10.117
Pr Ox ( )
For y* < 11.639
+ + 1 U 2
T7=Pry + §,O—PTU (10.118)
For y* > 11.639
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1 1
T* = Pro |- log (y°) + B+ P| +5p=r [PrU* + (Pr— Pro) U] (10.119)
K q

where U, is the velocity at y* = 11.639

The additional terms on the right are due to heating by viscous dissipation for compressible
flows. See [1§]

P =~ —1.12 is function of the ratio of the molecular to turbulent Prandtl number and for
smooth wall it is as follows. See [8].

p 3/4
P =924 (l) — 1| [L+0.28¢0007Fr/Pre] (10.120)
Prt
For rough walls P4, is defined as follows
1 1 0.359 B 0.6
Provwor, = 3.15P7009% [ — . — =) P 10.121
gh r Br B + B ( )

ABL Stability

For Atmospheric Boundary Layer wall functions we include the ability to model boundary
layer stability. This assumes that the boundary layer is fully turbulent 3 > 30 in the first
cell adjacent to the wall. L is the Obukhov Length

ut = E log (y) + By (k) — b (%)} (10.122)

For stable conditions y/L > 0;0 < R; < 0.2

y+ Ur Rz
U (%) = —5% (10.124)

du™ 1 5 v
— =t —— 10.125
dyt  kyt * L, ( )

For unstable conditions y/L < 0; R; <0

Y Ur
vy _ g, 10.126
=R ( )
AN 14+ X 1+ X2 s
Um <Z> = 2log ( 5 ) + log ( 5 2arctan (X) + 5 (10.127)
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where i
X = (1 - 16%) (10.128)
dut 1 8 8 8
du” 1 n _ 10.129
AN L <\/Z+ 1) VA L <\/Z+ 1) Ase L(AVE 1) A3/ (10.126)
where N
A=1- 16%1 (10.130)
Ur
Temperature
1
T+ = Pry |~ log (y*) + B+ P, — (%)} (10.131)

10.6 Menter SST SAS

The SAS approach developed by Menter and co-workers resulted from revisiting the K-KL
model of Rotta where K is the turbulent kinetic energy and L the traditional notation for
the macro-length of turbulence.

The model can be expressed as a modification of the SST model by the inclusion of an
additional source term to the w equation.

2
(Qsas = max {PCQFGSZ (M) - C% max [ L 0w Qw1 Ok ak] ,0} (10.132)

Eal'j 81‘]" ﬁ@x] 6xj

ka 0'¢
U] , oU; OU, . o, 02U
vk H’U”‘ ‘U’ 8az’j (9.%]' |U ‘ 8a:j8:cj (%cj&cj ( 0 33)
1 /oU; 0U;
555 L% 9Y 10.134
SiSi  Su=3 ( 5.+ axi) (10.134)

where ¢, =3.52, C' =2 and 0, = 2/3

In certain situations Lrans can become very large if w is small and therefore Qg5 will be
too large. Physically Lrans =~ L.

(10.135)

I _ Lrans Lrans < 10°Lyy
frans Ly, Lrans > 10° Ly,

High frequency limiting is handled via the WALE model.
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1. The model contains two length scales, the classical one related to the first derivative
of the resolved velocity, and a second one related to higher derivatives of the resolved
velocity.

2. a) The model provides RANS performance in stable flow regions (without explicit
grid or time-step dependency).

b) The model allows the break-up of large unsteady structures into a turbulent
spectrum (without explicit grid or time-step dependency).

¢) The model provides proper damping of resolved turbulence at the resolution limit
of the grid. This requires some information about the step size of the grid, either
explicitly or implicitly.

WALE Model

For high frequency analysis, the SAS model can suffer from giving too little damping without
proper high wavenumber treatment. To eliminate any possible criticism of the SAS behavior
in the infinite grid limit, Egorov and Menter prefer to limit the predicted eddy viscosity by
the eddy viscosity of an LES model. The LES model suggested by Menter and Egorov, is
the Wall-Adapting Local Eddy-viscosity (WALE) model of Nicoud and Ducros. The WALE
eddy viscosity is computed in a similar fashion as the Smagorinsky method, yet the WALE
model is able to respond to near-wall effects and correctly lower the eddy viscosity in laminar
regions. The WALE eddy viscosity can be expressed as the following

Gl Gd )2
pe = pC2A? (5/;J 4) — %7 (10.136)
(Si5Si)"" + (GGE)
ij is the traceless symmetric part of the square of the velocity gradient tensor
Gd—1(2+ 2)—15--2 (10.137)
i~ 9 9i5 T Y9j; 3 ij 9Kk .
where g2 = du; /0, 0uy/Ox; and C, = 0.5 and A = vV
1 [ Ou; Ouy,  Ou; OQuy 1 ou; Ou;
al — + i J — S L= 10.138
K %:2 ((%k Oz, +8$k 3%‘) ]321,:2]: Oxj Ox; ( )
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Chapter 11

Gravity

11.1 Force Potential

Gravity is treated as a force potential

F=-Vyo=—pg (11.1)

By integration and introducing z the height in the direction of the gravity vector

% :g/pdz (11.2)

11.2 Pressure Gradient

For a fluid in hydrostatic equilibrium

Ip
— = — 11.3
5, = P9 (11.3)
For an ideal gas
op p
—_— = - 114
0= RT’ (11.4)
11.3 Lapse Rates
For an isentropic process
p
— = constant (11.5)
p"/

Temperature

Substituting the ideal gas equation of state
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p' T = constant

Differentiating by parts with respect to altitude

Y (1 _ y2r Y15
T'(1—7)p 8z+p ~T P 0
1— 10T
A=vdp 10T _,

vp 0z T o0z

Substitute the pressure gradient definition (|11.4))

or gly—1) g
— =2 T —_ 2 = _Tx98K/k
0z YR C, [km

This temperature gradient is known as the dry adiabatic lapse rate.

Integrate
-1
T:To—g(7 )z:TO—Fz
YR

Also,

or (y—1)0p

T Yop
Integrate

Take exponent

Density

Recall entropy equation

% = constant

(11.6)

(11.7)

(11.8)

(11.9)

(11.10)

(11.11)

(11.12)

(11.13)

(11.14)
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or

pp~ " = constant (11.15)
Differentiating by parts with respect to altitude
Ip
= Tlp= =0 11.16
T L e (11.16)
Lo 29p (11.17)
pdz pOz '
Substitute the pressure gradient definition ((11.4))
dp Py Py
_ - _ = 11.18
0z YRT v-1C,T (y-1T ( )
Also,
o _ 9 (11.19)
p p
Integrate
In (ﬁ) — vIn (—) (11.20)
Po Po
Take exponent
vy
r_ (ﬁ> (11.21)
Po Po
Pressure
Substitute the definition of 7" ((11.10)) in ((11.13])
/(y=1)
gr—1) 1"
= 1 ————+= = 1—— 11.22
D =DPo [ ~RT, Z} Do z ( )
Summary
T=Ty-Txz (11.23)
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T 17/(v—=1)
= 1 - —
P =Do Toz
F 11/(v=1)
= 1 — —
P = Po Toz

Force Potential

Recall

T 1/(v=1)
wzg/pdzzg/po[l—fz} dz
0

Integrating by substitution

(11.24)

(11.25)

(11.26)

(11.27)

(11.28)
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Chapter 12

Stratified Atmospheric Flow

The incompressible solver can be run with a deep, hydrostatically stratified atmosphere using
the anelastic approximation. It is selected by setting stratified in the incomp viscous
(or incomp rans/incomp les) dictionary, and requires the energy equation with potential
temperature as the energy variable.

The Boussinesq branch described elsewhere holds density constant except in the buoyancy
term and refers buoyancy to a single global temperature. That is valid only when the domain
depth is small compared with the density scale height H = RT/g ~ 8.4 km. The anelastic
system instead carries density as a prescribed function of height, so it remains in equilibrium
through a deep column:

V- (p(2)V) =0 (12.1)

b= —g~—— (12.2)

Throughout this chapter an overbar denotes a base-state quantity, a prime denotes a pertur-
bation about it, z is height above the reference location measured along —¢g (so z increases
upwards), and ¢ is the gravity vector with magnitude |g|.

12.1 Hydrostatic Base State

The base state is held in Exner form, which is what keeps the constant-N profile a closed
expression. The Exner function is

_\ R/Cyp
T = (ﬁ) (12.3)
Po

and hydrostatic balance written in terms of © and the potential temperature is

or gl

e D I 12.4
0z Cpo ( )
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The remaining base-state quantities follow from 7 and é:

D= poﬂﬂ/(’yfl)j T = 8_71-7 (125)

eyl
Il
SI"B\

Three base-state profiles are implemented, each specified by a surface temperature T and a
surface pressure pg at z = 0.

Isothermal

T = Ty everywhere, so integrating (12.4]) gives

gl ;T 90 _ g
_ _ [ ——— — =2 12.6
TP ( C)1o )’ T’ 0z Cyprm (12.6)
Constant Lapse Rate
With a prescribed environmental lapse rate I' = —9T'/0z,
~ Iz l91/(CpT) aé 1 |g|
T=T,-T =(1-— — == - 12.7
075 i ( TD) ’ 0z w (Cp ) (12.7)

Note that 96/0z is identically zero when I' = |g|/C,, the dry adiabatic lapse rate written
as I' in the Gravity chapter. That is the neutral atmosphere, and it is the case for which
is uniform. The profile is only valid while 7' > 0; a constant lapse rate taken high enough
drives the temperature through zero.

Constant Brunt-Vaisala Frequency

This is the stratification the gravity-wave benchmarks specify. With constant N,

- N2z lg]? N2z
g=0 e —1 _EY 12.
e () =g (oo () 1) 128)

Recovering N from a General Profile

In general the buoyancy frequency is recovered from the base state as

_lglo0

2 e
NP =2 (12.9)

It is used to size the sponge layer and by the buoyancy-aware sub-grid-scale models.
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12.2 Anelastic Continuity

Because p > 0, the constraint V - (pV') = 0 is equivalent to the divided form

V-V+V-V(np) =0 (12.10)

This form is used because the existing continuity row already assembles the discrete V -V
as a face sum. The second term is then a cell-based contribution on the velocity columns,
which leaves the face fluxes — and with them the Rhie-Chow pressure-velocity coupling —
untouched. Rescaling every face flux instead would disturb both.

Differentiating In p = const — Inf + (C,/R) In 7 and substituting (12.4) gives the coefficient

in (|12.10)) as

_ n 2
Olp 100 gl _ N° gl (12.11)
0z 00z ~RT lg|

the standard anelastic result: a stratification part and an acoustic part. Only the second
survives in a neutral atmosphere, which is why p still varies with height even when 6 does
not.

Discretely, for cell ¢ the term contributes to the continuity row

Jlnp - g
oLl kv, k=-Z 12.12
5 |, o 212
12.3 Buoyancy
The buoyancy source added to the momentum equation is
(0 - 0(2))

The sign places warm air (6 > ) in the —g direction. This reduces exactly to the Boussinesq
form —gB(T — T,cf) when 6 is uniform and f = 1 /Trep. What differs is that the reference
is a function of height, so it remains an equilibrium throughout a deep column rather than
balancing at one level only: a neutrally stratified atmosphere (6 = ) gives identically zero
buoyancy at every height.

12.4 Perturbation Form of the Energy Equation
The base state must be an exact solution of the discrete equations, not merely of the con-

tinuous ones, or it generates spurious motion. The energy diffusion operator is linear, so
rather than rebuilding the matrix to act on ¢ = 6 — 0 the matrix is left acting on 6 and the
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diffusion of the base state is added to the right-hand side. For a face between cells i and j
with discrete diffusion coefficient Dy,

S; += Dy (6; — 0;) (12.14)

D; must be the same discrete coefficient the matrix used. That is what makes the two
cancel exactly rather than approximately when # = 6. This applies to the non-orthogonal
correction as well as the orthogonal part; leaving the non-orthogonal term in full-field form
while its sibling is in perturbation form leaves a residual forcing on any terrain-following
mesh.

12.5 Pressure Correction

With the anelastic constraint the pressure-correction equation is weighted by the base-state
density at the face. Both the operator and the right-hand side carry py:

nb nb
> oDy (=) == prFy (12.15)
f f

where F; is the predicted volume flux through face f and D; the usual (A7'Q)|¢/|d;;l
Laplacian coefficient. The weighting must be applied over all faces of a cell, interior and
boundary alike; weighting the interior faces while leaving a boundary face unweighted mixes
two different constraints in the same row, and the size of the resulting error grows with the
departure of p; from unity, i.e. with domain depth.

The flux correction itself keeps the unweighted D, which is what makes the constraint close:

nb

Zp Ff+Ff prFf+prDf ) 0 (12.16)

!

A consistency source is added at each face so that the constraint the cell enforces is the
weighted one referred to the cell’s own base density:

S 1= nzb (@ _ > F (12.17)

;NP

This uses the actual face flux. Substituting the analytic equivalent — fQ V-V in pdf) is valid
only at convergence, and using it to impose the very constraint that would make it valid
does not converge.
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12.6 Boundary Conditions

Slip Wall and Symmetry

The velocity is mirrored about the true face normal, V}, = V; — 2 (V; - n) n, which makes
the wall flux identically zero.

For pressure the correct condition in a buoyant flow is the normal momentum balance rather

than plain zero gradient,

op' _

5 =bon (12.18)

so the halo value carries the buoyancy work over the cell-to-halo offset:

Phato =pi + (b-n)on,  on=2(z; —x;) n (12.19)

At rest b = 0 and this collapses to prao = Pi-

For the energy equation it is the perturbation that is mirrored, not the full potential tem-
perature:

ehalo = 91 + (éhalo - é@) (1220)

A vertical symmetry plane is unaffected by this because both sides sit at the same height,
but a horizontal one — the rigid free-slip lid every atmospheric benchmark uses — would
otherwise flatten the background stratification.

12.7 Sponge Layer

To absorb upward-propagating gravity waves at the model top a height-based Rayleigh
damping layer is applied above a start height z,, with D the depth from z, to the domain
top:

s Z— Zg

0(2) = Opmaz sin’ (E min ( 5 ,1)) : z >z (12.21)

and zero below. The damping is applied to momentum and to the energy equation as

9Q
E += —O'(Z) (Q — Qtarget) (1222)
It is added implicitly, with o€) on the diagonal and 0€2Q);q,4e¢ On the right-hand side, so the
fixed point is (A+0Q)V = b+ 0QV4rger- An explicit sponge carries a oAt < 1 stability
limit, and the published range of ¢,,,, against a typical atmospheric timestep puts cases
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directly on it. Adding to the diagonal also strengthens diagonal dominance, so it cannot
destabilise the linear solve.

The sponge is deliberately not applied to continuity: damping mass would fight the pressure
solve.

Two sizing criteria should be satisfied, and both are reported at start-up. The layer should
span at least one vertical wavelength,

2nU

D>\, =
= N

(12.23)

and the damping rate should satisfy 1 < g,,4./N < 10.

12.8 Resolution Requirement

A stratified simulation carrying gravity waves must resolve the vertical wavelength A, =
27U/N, not merely the boundary layer. The vertical spacing Az aloft is usually set by a
stretching cap rather than by the wave, and it is easy to end up with a mesh that is well
resolved near the ground and badly under-resolved at the height the wave occupies.

The error is second order in Az/\., and in a mountain-wave calculation it shows up as
a vertical momentum flux that grows with height instead of being constant — an apparent
violation of the Eliassen-Palm theorem rather than an obvious amplitude error, which makes
it easy to misread as a spurious momentum source in the interior.

Measured on the linear hydrostatic mountain-wave case (U = 20 m/s, N = 0.0196 1/s, so
A, = 6423 m), varying only the vertical spacing cap and holding the near-wall spacing fixed
at 20 m:

A/Az M/My (2-12km) std  d(M/Mpy)/dz per km

8.0 1.470 0.271 +0.079
16.2 1.144 0.037  —0.005
32.2 1.023 0.030 —0.009

where M (z) = [ pu'w' dz is the Eliassen-Palm momentum flux and My = —(7/4)poUNhZ,
its analytic hydrostatic value. At 8 points per vertical wavelength the flux is 47 per cent
high and grows with height; by 16 points the growth with height has gone and the amplitude
error is 14 per cent; by 32 points the result is 1.023 and constant. Eight points per vertical
wavelength is not enough, even though the same mesh resolves the surface layer to 20 m.
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Chapter 13

Atmospheric Physics

13.1 Richardson Number

The Richardson Number defines the ratio of buoyancy to shear within a boundary layer. Non
turbulent flow becomes turbulent when R; < 0.25. Turbulent flow becomes non turbulent
when R; > 1. Note there is hysteresis in the transition to and from a turbulent state.

Op
1 iz,
R; = L (13.1)

P ( g9i 0wy 2
lg| Oz;

13.2 Potential temperature

The potential temperature 6 is defined as the temperature that an air parcel at pressure p
and temperature T" would acquire if adiabatically brought to the reference pressure pg

0=T (%) % (13.2)

Equivalently § = T'/m with 7 the Exner function defined in the Stratified Atmospheric Flow
chapter. Potential temperature is the energy variable used by the stratified solver.

13.3 Obukhov Length

U2T0
L=—"+ 13.3
oy (13.3)
where the scaling temperature 6, is defined as
—— (13.4)

T pCpu,

13.4 Coriolis Force

The Coriolis acceleration vector can de defined as follows
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In the Northern hemisphere - acceleration to the right of the velocity vector

fo=— (v x ‘i‘) 20 sin ¢ (13.5)
g
In the Southern hemisphere - acceleration to the left of the velocity vector
£, = (V x %) 20 sin ¢ (13.6)
g

where Qp = 7.292115 x 107° rad/s is the earth’s rotation rate and ¢ is the latitude (0° at
equator and 90° at the poles) and ¢ is the gravity vector.

Note that this is the sidereal rate, which is the one that belongs in the Coriolis parameter: the
planet turns once per sidereal day (86164 s), not once per solar day. The value 27/86400 =
7.2722 x 1075 rad/s quoted in earlier revisions of this document is the solar-day rate and
is not what the solver uses. Both the rotation rate and the latitude may be overridden per
material with planet rotation and latitude.

Only the component of the Coriolis force that acts perpendicular to the direction of the
wind is considered, when viewed from a rotating reference frame. The Coriolis force in the
vertical direction is neglected in atmospheric flows as this component is small compared to
the gravitational acceleration.

f-plane and Geostrophic Forcing

For atmospheric boundary layer calculations the Coriolis term is applied on an f-plane, with
a single Coriolis parameter evaluated at the case latitude,

f=2Q0gsin¢ (13.7)

and combined with a geostrophic wind V, in a single expression,

a=—fhkx(V-V), hk=-=> (13.8)

9]

With V,, = 0 this is plain Coriolis; with V' = V/ it is identically zero, which is the geostrophic-
balance property and the reason the two terms are written together. Applying the large-scale
forcing this way rather than as a fixed body force means the balanced state is a solution
rather than something the solver has to be driven towards.

The term is evaluated on the right-hand side, lagged on the pseudo-iteration. Because the
scheme is dual-time, the fixed point of the pseudo-iteration is Vjqg4eq = V/, so this is equivalent
to the implicit skew-symmetric operator; the two forms have been measured to agree to six
decimal places on the inertial-oscillation case.

Note that a horizontal geostrophic forcing cannot be balanced in a domain with symmetry
planes on the lateral boundaries, since those pin the horizontal velocity; a doubly periodic
box is required.
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13.5 Turbulence Profile
u? 217
b=t [1 - Z—h] (13.9)
¢= %“; (13.10)
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Chapter 14

Radial Basis Functions (RBF)

Radial Basis Functions (RBF) are useful in rapidly and consistently deforming a mesh ac-
cording to a prescribed motion of some or all of the boundary nodes. ZCFD allows users to
specify a deformation function, which may be selectively applied to different zones on the
boundary. The motion of these nodes is then automatically blended throughout the volume
mesh in order to maintain mesh quality. The motion is formally based on a subset of the
(potentially very large number) of boundary nodes specified, for numerical (conditioning)
reasons. ZCFD will automatically select the subset according to user-specified tolerances
and the number of nodes initially selected.

14.1 RBF interpolation method

The interpolation space consists of all functions s(x) of the form
s(@) =) (n)®(llz - will) + h(z) (14.1)
€Y

Where & is a radial basis function, with compact support over the domain [—a, a, where
« is a user-specified parameter. h(x) is a first degree polynomial and =, is a subset of the
N vertices of the CFD grid covering the deformable domain. Given the known discrete
displacement of boundary vertices Vi, = {z;}ic.,

U =¢g 1€ (14.2)

Then, the respective coefficients ~; and the polynomial h(z) are determined by imposing the
interpolation conditions

s(x))=¢; 1€V (14.3)
>_(nawi) =0 (14.4)

For all polynomials ¢ with degree less or equal than that of polynomial h (i.e. first degree).
Hence leading to the following linear system of equations

#0060

With the vector v = (71 ...7vn), M is the interpolation matrix with elements M;; = ®(||x; —
z;|), 4,j € v, matrix P has elements P,y with row ¢ given by (1 z; y; 21) ¢ € . Vector
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g = {9:}iey, contains the known boundary displacements and 3, the vector of coefficients for
the polynomial h. Subsequently defined as

h(z) = Bi + Box + By + Baz (14.6)

For more information see [2]
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Chapter 15

Wall Distance

The discrete wall distance d; is calculated automatically at the start of each simulation for
every cell centre (x;,¥;, z;) in the mesh. The distance function d is mesh-based and discrete,
meaning that

- ; )2 )2 )2
di= _min =P - ) G ) (15.1)

where (z;,;,%;),7 =0, .., (Ns—1) are the face centres for the wall surface elements bounding
the domain.
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Chapter 16

Overset Meshes

An overset case is a set of meshes My, ..., My, that overlap in space. Each mesh keeps
its own discretisation, its own partitioning and its own boundary conditions; the meshes are
never merged. The coupling is imposed weakly, by interpolating the solution of one mesh
into a layer of cells of another and treating those values as a boundary condition.

Each mesh declares the mesh or meshes that supply it with donor data. This defines a
directed acyclic graph over the meshes, which is topologically sorted so that a mesh always
follows those it depends on. Every edge of the graph becomes an ordered pair (M, M,),
written below as background and overset, carrying two mappings: one from M, into M,
and one from M, into M,,.

16.1 Hole Cutting

Let x; € {0,1} be the active flag of background cell i, and let A/(7) be its set of vertices. A
cell is blanked when every one of its vertices lies inside the overset mesh domain €2,

. {0 ifzeq, VaoeN() 161)

1 otherwise

so a cell straddling the overset mesh boundary, with at least one vertex outside it, remains
active. Blanked cells take no part in the solution.

This minimal blanking is recorded before it is modified further, and is what the overset
output variable reports. An overlap band, in which both meshes carry an independently
computed solution, is then opened by N promotion sweeps over the interior faces. Writing
A(1) for the set of cells sharing a face with i, each sweep applies

(1-+1)

1

o (16.2)

1 if XEZ) =0 and 35 € A(:) with xﬁ” =1
X;  otherwise

for | = 0,...,N — 1, so the hole retreats by N cell layers. N is set by the additional
active layers option on the overset boundary condition.

When a mesh is the background of several overset meshes its flags are reset once, every hole
is then cut, and only then is any mapping computed. Cutting and mapping pair by pair
would allow a later pair’s reset to erase an earlier pair’s hole.
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16.2 Fringe Cells

The cells that receive interpolated data, the fringe set F, are drawn from the blanked cells
adjacent to the surviving active region,

F={i:x;=0anddist(i,{j: x; =1}) <L} (16.3)
where distance is counted in cell layers across faces and L = 2 by default.
When the overset mesh moves, a cell blanked at this time step may be uncovered at the next,
so F is taken to be every blanked cell. That is safe but requires interpolating the entire hole

volume; setting moving mesh halo layers to L > 0 restores the layered definition, which
is sufficient when the hole is re-cut every real time step.

16.3 Donor Search

Rigid mesh motion is described by the transformation

with R the rotation about an axis through z(, through angle 6, evaluated by the Rodrigues
formula, and d a translation.

The mesh coordinates and the search structures are held fixed in each mesh’s own reference
frame and are never moved. Instead, a query point x belonging to the receiving mesh is
mapped into the donor’s frame before the search,

=T "(x) (16.5)

and the donor cell is the cell of the stationary donor mesh containing . The bounding
volume hierarchy used for that containment query is therefore built once per mesh and
reused until the relative position of the meshes changes, rather than being rebuilt every time
step.

A donor cell is only accepted if it is itself active. A fringe point falling in a blanked region of
the donor mesh has no valid donor, and the corresponding face falls back to the unmapped
face treatment instead of interpolated data. This is the usual reason to increase V.

16.4 Interpolation

Given a donor cell ¢ containing Z, the interpolated value is
> jep WiW;j
Zj ep Wj

The donor set D and the weights depend on the requested order. At zeroth order D = {c}
with w. = 1, giving a piecewise constant transfer. At first order D is ¢ together with its face

W(z) = (16.6)

neighbours, and with d; = ||z; — Z|| the distance from the query point to each donor cell
centre,
R,, —d;

so that the weight falls to zero at the edge of the donor stencil.
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16.5 Transformation of the Solution Between Frames

An overset mesh attached to a moving fluid zone is solved in its own mesh-attached frame,
and only the mapped data crosses between frames. Scalar components of W, the density
and the total energy, are frame invariant and are interpolated directly. The momentum
components are vectors and must be rotated,

(pu)inertial _ R(Q) (pu)mesh (168)

with the inverse rotation applied in the opposite direction.

The dual time step differences the solution against the two previous time levels, so those
levels must be expressed in the same frame as the current one. At the end of each real time
step the accumulated angle is advanced by 6 < 6 + wAt and the momentum of Wt /"
and W™ is counter-rotated through —wA¢t, which returns all three to the new frame before
the next step differences them.

16.6 Coupling Within the Dual Time Step

The interpolated values are exchanged once per pseudo time cycle, before any mesh is ad-

vanced. Writing k for the pseudo time index of the modified steady problem of section Dual

Time Step, the fringe cells of each mesh are assigned

Wk =W(;) ,  ieF (16.9)
donor at k

and those values are then held fixed while the interior is advanced from & to k& + 1.

This has a consequence for the choice of pseudo time scheme. A multi-stage explicit update
advances the interior several times within one cycle, and every stage sees the same frozen
interface data, so the interface lags the interior by an amount that depends on the stage
count. The implicit schemes take a single update per cycle, which is the rate at which the
exchange itself runs. An overset case therefore requires implicit euler or lu-sgs, and an
explicit pseudo time scheme is rejected during input validation.

16.7 Treatment of Blanked Cells

Blanking is carried through the rest of the solver by the same flag. The residual is masked,

so blanked cells neither drive the solution nor contribute to the reported residual norms, and
the implicit update is masked identically so that a blanked row is left untouched.

On the coarse levels of the geometric multigrid the flag is inherited from the fine mesh.
Writing C(I) for the fine cells agglomerated into coarse cell I,
= min y; 16.11

Xr = min x (16.11)
so a coarse cell is blanked if any of its children is blanked. A coarse cell whose children
are a mixture of active and blanked is reported in the log; a large count indicates that the
agglomeration and the hole boundary are poorly aligned. Multigrid is in any case unavailable
with the implicit pseudo time schemes an overset case requires.
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Appendix A

10 0 0 Py 0
u p 0 0 upp 0
ow v 0 p 0 VP 0
0Q w 0 0 »p wpp 0 (16.12)
H+h, pu pv pw p,H—1+ph, 0
6 0 0 0 opp 1
Where Ql = |:p7 u7 U7w7p7 ¢]T
(szHfhr)pp pU pV pW D
e i Al R
—u 1 0 0 00
Q' N N
ow —% 0 0 5 00 ( )
_V2-H—hy u v wo _1
d d d d —d
0 0 0 01
where d = (H + h,)p, — Hp, — hyp + 1
q PP Py pr Ppd 0
uq +pyne  p(q+uny) puny, pun, ppuq+mn; 0
oF _ | va+pomy PUN,, p(q + vny) pon, PpUq + 1y, 0
Q' wq + pon. PUWN; pwn, plg+wn;)  ppwg+mn, 0
(H + phy)g pHng, +qpu pHny,+qpv pHn, +qpw q(pyH + phy) 0
¢q 0 0 0 0 Pq
(16.14)
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